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All known optical materials have an index of refraction of order unity. Despite the tremendous
implications that an ultrahigh index material could have for optical technologies, little research has
been done on why the refractive index of materials is universally small, and whether this observation
is truly fundamental. Here, we describe significant insights that can be made, by posing and
quantitatively analyzing a slightly different problem — what is the largest refractive index that
one might expect from an ordered arrangement (crystal) of atoms, as a function of atomic density.
At dilute densities, this problem falls into the realm of quantum optics, where atoms do not interact
with one another except via the scattering of light. On the other hand, when the lattice constant
d ~ ao becomes comparable to the Bohr radius, the electronic orbitals centered on different nuclei
begin to overlap and strongly interact, giving rise to quantum chemistry. We present a minimal
model that allows for a unifying theory of index spanning the quantum optics and quantum chemistry
regimes. A key aspect of this theory is its treatment of multiple light scattering, which can be highly
non-perturbative over a large density range, and which is the reason that conventional theories to
predict the refractive index break down. In the quantum optics regime, we show that ideal light-
matter interactions can have a single-mode nature, which allows for a purely real refractive index
that grows with density as (N/V)/3. At the onset of quantum chemistry, we show how two physical
mechanisms — excited electron tunneling dynamics and the buildup of ground-state density-density
correlations — play dominant roles in opening up inelastic or spatial multi-mode light scattering
processes, which ultimately reduce the index back to order unity while simultaneously introducing
absorption. Around the onset of chemistry, our theory predicts that ultrahigh index (n ~ 30),
low-loss materials could in principle be allowed by the laws of nature. This work could inspire new
efforts to design and realize materials with ultrahigh index, and also stimulate the investigation of
other exotic physics driven by the interplay of collective optical phenomena, multiple scattering,
and quantum chemistry.



I. INTRODUCTION

Ultrahigh index, low-loss optical materials at telecom or visible frequencies would have potentially game-changing
implications for optical technologies and light-based applications. Notably, the reduction in the optical wavelength A\ =
Ao/n compared to the free-space value A\g could lead to unprecedented opportunities associated with field confinement
and focusing. For example, nanoscale resonators and waveguides could lead to strong optical nonlinear interactions
at the single-photon level, compact metasurfaces [1-4] such as for wavefront shaping, and optical circuitry with the
same physical footprint as electronic transistors. The reduction in wavelength could also be useful for nanoscale
microscopy and optical lithography [5]. Despite these potential implications, known optical materials at telecom and
visible wavelengths ubiquitously have an index of order unity, and limited research has been done on why such a
limitation might arise [6, 7]. For example, using Kramers-Kronig relations and a sum rule, one recent work places
an elegant bound between the maximum index a transparent material can have and the bandwidth over which it can
be sustained [7], but does not directly address how large the index can be. Here, we introduce a minimal physical
model that elucidates how large we might expect the index to become, under ideal circumstances, and the fundamental
mechanisms that limit its indefinite growth. Our analysis is limited to optical frequencies, with the specific assumption
that only the electronic response contributes to the refractive index.

As a starting point for a bottom-up model, we observe that the basic building block of a material — individual
atoms — can have an extraordinarily large and universal response to light when isolated. In particular, it is well-
known that an isolated atom can exhibit a scattering cross section of ~ A3 when illuminated by photons resonant
with an electronic transition of wavelength Ag. Given that a typical transition wavelength Ao ~ 1 pm is much larger
than the typical spacing between atoms in a solid (as characterized by the Bohr radius, ap ~ 0.05 nm), one might
wonder why the large atomic density in a solid does not provide a strongly multiplicative response to light. Indeed,
such a response is predicted by conventional macroscopic theories of the refractive index, such as the Drude-Lorentz,
Maxwell-Bloch, or Lorentz-Lorenz models. Specifically, these theories state that the macroscopic index should depend
on the product of the polarizability of a single atom and the particle density as n(w) ~ y/a(w)N/V (the Lorentz-
Lorenz equation is different, but the conclusion that the maximum index can scale as (N/V)'/? is the same [8]). The
large near-resonant polarizability of an individual atom then leads to a predicted maximum index of n ~ 10° at solid
densities, as illustrated by the orange curve in Fig. 1. This is hard to reconcile with empirical observations.

The main goal of this work is to elucidate what the unifying curve in Fig. 1 should look like, i.e. what maximum
index might be achievable as a function of atomic density, particularly when the atoms form a perfect crystal (blue
curve). Our theoretical analysis aims to connect two quite different regimes. In particular, at low densities (which
we term the “quantum optics” regime), the atomic nuclei are too far separated for electrons centered on different
nuclei to directly interact. Then, the atoms only interact via electromagnetic fields, and the index should solely be
a function of the lattice constant and the single-atom polarizability. In the “quantum chemistry” regime, the atomic
densities are sufficiently high that electronic orbitals on neighboring nuclei begin to overlap, in principle giving rise to
a wealth of new phenomena associated with chemical interactions or solid-state physics, and ultimately resulting in the
formation of a solid. At very dilute densities in the quantum optics regime, one expects that conventional macroscopic
theories of index hold. Likewise, empirically we know that computational quantum chemistry can predict the optical
properties of real solids with reasonable accuracy. In these limits, the multiple scattering of light is a weak effect.
The challenge of constructing a unifying curve in Fig. 1 lies in a vast intermediate scale of densities, starting from a
minimum density of N/V ~ 1/)\} and spanning through part of the quantum chemistry regime. In this range, the
spatial extent of the scattering cross section of an (isolated) atom can far exceed the inter-atomic distance. Then,
multiple scattering of light can become very strong, and in fact causes the breakdown of conventional theories of
refractive index. Our model treats multiple scattering non-perturbatively, including in the presence of the onset of
quantum chemistry. For context, we note that a complementary part of this puzzle was addressed in Ref. [8] (also see
previous historical work [9-12]). In particular, for a completely disordered medium in the quantum optics regime, it
was found that the maximum index saturates at n a2 1.7 regardless of how high the atomic density becomes (solid
green curve of Fig. 1). In Ref. [8], strong disorder renormalization group theory was used to treat multiple scattering
non-perturbatively and identify the physical mechanism (strong, random-strength near-field interactions between a
given atom and its single nearest neighbor) by which the refractive index saturates to a maximum value.

We now summarize the scope and main results of the paper. In Sec. II, we analyze the refractive index of an atomic
crystal in the quantum optics limit. We first review a result that has gained theoretical [13, 14] and experimental [15]
interest in recent years, that a single two-dimensional (2D) array of atoms can provide a large, lossless and cooperatively
enhanced response to light near resonance, as characterized by large reflectance and large phase shift in transmission.
By considering a three-dimensional (3D) crystal as a sequence of 2D arrays separated by lattice constant d., we
then show that the 2D properties directly translate into a refractive index near resonance that can be purely real,
and which scales as npax < Ag/d.. The key property enabling this behavior is the single-mode nature of the light-
matter interaction, both in the 2D and 3D arrays, where light excites only a single collective mode of the atoms, and



Multiple Scattering
s - D | ,
. Quantum QUantum |
1000 - OptICS _ ' Chemlstry 3
i )nventional ]
e i : 1
< 100: [heories .
-3 : Crystal E
= i ]
10- 3
Disordered Real
] X Materials |
1 ' 160 ' 164 ' 166 ' 168 ' 1610 )

NASV

FIG. 1. Schematic plot of the maximum attainable real part of the refractive index versus density of atoms N/V (in units
of the wavelength Ag of an atomic transition). Conventional theories predict a maximum index that scales with density as
n ~ (NX3/V)Y/? (orange curve) near an atomic resonance. In the “quantum optics” regime, atoms are sufficiently far enough
part that they can be considered isolated objects, which only interact via the electromagnetic field. For sufficiently high
densities, one enters the “quantum chemistry” regime where the overlap of electronic orbitals between different atoms becomes
non-negligible and chemical interactions occur. In a vast intermediate regime of densities, ranging from NA3/V ~ 1 through
the onset of quantum chemistry, a non-perturbative treatment of multiple scattering of light is needed to correctly predict the
index. For a disordered atomic medium in the quantum optics regime, it was found that the maximum index is limited to
n & 1.7 (green curve) [8]. In this work, we show that a perfect crystal exhibits a purely real index scaling as n ~ (NA3/V)'/3
in the quantum optics regime, and the maximum attainable value is limited by effects arising from quantum chemistry (blue
curve).

this collective mode only re-radiates light elastically back in the same direction, to produce a maximal and lossless
response.

We then briefly introduce the model to incorporate quantum chemistry effects. It is well-known that the many-
electron problem of computational quantum chemistry for real solids is a challenging and likely intractable problem to
solve exactly. State-of-the-art computational techniques, like modern density functional theory, are largely based upon
sophisticated approximation techniques. Here, we favor an approach that is less dependent on such approximations.
In particular, we limit our theory to the onset of quantum chemistry, or an expansion around a large lattice constant
compared to the Bohr radius, d/ag. Then, quantum chemistry can be treated perturbatively, while multiple scattering
can still be treated non-perturbatively. This large d/a¢ expansion of quantum chemistry and the resulting minimal
model is summarized in Sec. ITI, while a more detailed discussion and derivation is provided in Sec. IV.

In Sec. V, we incorporate the results of quantum chemistry into multiple scattering. Perhaps not surprisingly,
effects associated with chemistry can break the single-mode nature of atom-light interactions found in the quantum
optics regime, either by allowing for spatial multi-mode response or inelastic light scattering. Considering the simplest
model of a lattice of hydrogen atoms, we show that a combination of the emergence of quantum magnetism, electronic
density-density correlations, and tunneling dynamics of photo-excited electrons are the primary mechanisms for multi-
mode and inelastic scattering at large d/ag. We quantify how these effects lead to a maximum allowed real part
of the refractive index, and the growth of the imaginary part associated with absorption. Our model suggests
that an ultrahigh index material of n ~ 30 with low losses is not fundamentally forbidden by the laws of nature.
Although our quantitative model deals with hydrogen atoms, we also discuss possible realistic routes toward ultrahigh-
index materials, such as high-density arrays of solid-state quantum emitters or van der Waals heterostructures, and
qualitatively show that the ultrahigh index is robust to some degree of additional imperfections (e.g., implementation-
dependent inhomogeneities, or additional inelastic mechanisms). In Sec. VI, we provide an outlook of future interesting
research questions to explore.



II. REFRACTIVE INDEX: THE QUANTUM OPTICS LIMIT

A. Formalism

In this section, we derive the refractive index of a perfect atomic lattice in the quantum optics limit, where quantum
chemistry interactions between atoms are ignored and each atom is seen as a point dipole from the standpoint of its
optical properties. Specifically, we consider the relevant levels of the atom to consist of an electronic ground state and
first excited state, which are connected by an electric dipole transition of frequency wy and corresponding wavevector
ko = wo/c and wavelength Ao = 27/ko. The atoms can also be driven by a weak coherent input field of frequency wy,,
with a polarization x that aligns with the dipole matrix element py = pox of the atomic transition. The excited state
can only decay by emitting a photon and returning to the ground state, which occurs at a rate I'g = k3p3/3megh for
an isolated atom.

Although our conclusions in this section will be completely general to any atom with the properties specified above,
here we adopt a second-quantized notation consistent with our later model including quantum chemistry, when we
consider a hydrogen atom whose ground and excited states are then the 1s and 2p, orbitals. In a rotating frame
relative to the driving field and in the long-wavelength limit, the Hamiltonian describing the atom-light interactions
is given by [16-18]

HQO = HO + Hdipfdip + Hdrive
== Z 5b;rn:abpia —To Z Gij(b;rnobsio)(blja/bpja’) - Z [Qib;wbsia + hf’} : (1)
i ijoo’ i
Here, we have defined the detuning 6 = wp — wp, the Rabi frequency ; = pg - Eim(R;) /A associated with the

coherent input field &;,(r), and the fermionic operator b,;, that annihilates an electron of orbital o and spin ¢ on
atom 4, whose nucleus is at position R;. The dipole-dipole interaction Hgip—aip describes the electronic excitation

(b;wbsig) of an atom from its s to its p-orbital at site ¢, and the de-excitation (bijg,bm—g/) of another at site j. This
captures electromagnetic field mediated interactions once the photons are integrated out within the Born-Markov
approximation, with G;; = x - G(R; — Rj,wp) - X being proportional to the electromagnetic Green’s function at
frequency wq (see below). The positive-frequency component of the electric field operator within the same limit is [18]

ko
3meg

E(r) = Ein(r) + > G(r —Ri,wo) - Po blibpio, (2)
10
which formally expresses the total field at any spatial point, in terms of the input and the field scattered by the atoms.
Here, we use the notation £(r) to denote a classical field (i.e. coherent state) value, while E(r) denotes a quantum
field operator. At this level of discussion, Hqo and the relevant Hilbert space can just as well be written in terms of
pseudospin-1/2 operators to describe the two-level atoms, as common in quantum optics literature [16-18]. We avoid
that here, to prevent confusion with the actual electronic spins ¢ and to more naturally extend to the inclusion of
quantum chemistry.

The function G(r — r’,wp) is a dimensionless tensor describing the field at position r radiated by a point dipole
at position r’ oscillating at frequency wg. Its projection onto the & direction (giving the & component of the field
radiated by a dipole oriented along &) is explicitly given by

% Clr wn) - % — 3 gikolr] 1 i 1 1 3B 3 (% -1)?
Gl %= Kkolrl+<kolrl>2 <ko|r>3>+< Folr) (k‘o|1“|)2+(k0|1”)3) e ] ®

Since Gjj is complex, the Hamiltonian Hgip—dip is non-Hermitian. Its Hermitian and non-Hermitian components
describe coherent energy exchange between atoms, and collective spontaneous emission arising from interference of
light emission, respectively. To the extent that Egs. (1) and (2) can be solved exactly, they fully incorporate the effects
of non-perturbative multiple scattering of light and wave interference in emission. Derivations of these equations can
be found, for example, in Refs. [16-18], and also in Sec. IV in a manner consistent with our quantum chemistry
discussion.

B. Optical response of a 2D array

While one can in principle directly study the optical response of a 3D lattice [19, 20], one can arrive at a better
physical understanding of the refractive index by first considering a single, 2D square array of lattice constant d,
located in the z = 0 plane. This brief review of a 2D array closely follows the discussions of Refs. [13, 14].
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FIG. 2. Reflection and transmission coefficients of a 2D atomic array. a) Spectrum of reflectance (blue) and trans-
mittance (green) as a function of detuning relative to the collective resonance frequency of the array 6 — w(0), and in units of
the collective linewidth I'(0). b) Spectrum of transmission phase, arg ¢(d).

We write the total wave function |U(t)) = |¢2p(t)) ® |o) in terms of the orbital |2p(¢)) and electronic spin |o)
wave functions, the latter of which is time independent and irrelevant in the quantum optics limit, as atom-light
interactions and thus Hqo are decoupled from spin. In the single-excitation limit (containing exactly one p-orbital),
the discrete translational symmetry implies that all eigenstates of Hgip—gip of the 2D array are Bloch modes with
corresponding Bloch wavevector kuy, |Ek,,) = N71/2Y, etkevRi b;ibsi|G>. The ground state consists of all atoms in

the s orbitals, |G) = Hibii|vac>. Here, we have suppressed the spin index given its decoupling from dynamics, and
N — oo represents the number of atoms in the 2D array. We write the complex eigenvalues of the Bloch modes in the
form w(kyy) =il (kyy)/2 = —To 3o, ; Gijeev i, which can be calculated by discrete Fourier transform of the Green’s
function [13, 14]. The dispersion relation w(k,,) represents the energy shift of each Bloch mode relative to the bare
atomic resonance wy, due to dipole-dipole interactions, and can be evaluated numerically. The collective emission rate
admits the analytic solution I'(k,,) = [3A3T0/(47d?)|O (ko — |kuy|) (kG — k2)/(kor/kE — |kuy|?) (Where O (ko — |kyy|)
is the Heaviside step function) when the lattice constant d < Ag/2, and is modified from the single-atom value due
to interference in the emitted light from different atoms [14]. For a collective mode with uniform phase (kg, = 0),
one has I'(0) = 3\3[g/47d?. In particular, for small lattice constants, the rate is significantly enhanced relative to
Iy by an amount o (Ag/d)? due to strong constructive interference. On the other hand, when |k,,| > ko, the modes
become perfectly subradiant, I'(k,,) = 0, due to an impedance mismatch between the wavevector of the excitation
and the dispersion relation of propagating light.

We now consider driving with a plane wave at normal incidence to the 2D array (with longitudinal wavevector
k. = ko and perpendicular wavevector k;, = 0), whose spatially uniform Rabi frequency Q; = € is sufficiently weak
that dynamics can be restricted to the ground state and single-excitation manifold. The discrete symmetry imposes
that this field will only couple to the Bloch mode |Ey,, —o), with the time-dependent wave function restricted to the
form |¢op(t)) = caq(t)|G) + cr(t)|Fx,,—o0). The wave function approach to the non-Hermitian Hamiltonian (1), or
more properly the full master equation, is valid within the quantum jump formalism of open systems. Furthermore,
under weak driving, quantum jumps can be neglected and cg(t) ~ 1 up to order (€9/I'g)? [21]. The Schrodinger
equation then leads to a steady-state amplitude of the excited state whose dependence on detuning d goes as

- =0+ w(0) —il(0)/2°
We now derive the expectation value €(r) = (E(r)) of the total field from Eq. (2). Given the periodic nature of the

array and that only the k., = 0 Bloch mode is excited, the total field only contains transverse momentum components
given by integer multiples (m,n) of the reciprocal lattice vectors, g, = (27/d)(m& + nj). Specifically, we find

ce(9) (4)

_ T(0) S~ K§ = (8mn - %)® g e, yintmom ) | €2(9)
g(r) - gin (I') + 80 <Z 2 Z kokgm’n) € + TO) (5)

m,n

where kgm’n) = k2 — |gmn|?, and where E;,(r) = Eretfo*x. Note that for d < A, kﬁm*") is imaginary except for
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FIG. 3. Optical band structure along z of a 3D lattice. Re-scaled dispersion relation (d/Xo)*J(ks)/To for Bloch waves
along z with Bloch wavevector k,, for several different lattice constants d and d. indicated by the legend. The non-invertibility
of the band for some values of d, d. can be clearly seen in the inset.

m =n = 0. In other words, only transmission and reflection at normal incidence are radiation waves, while any other
(m,n) # (0,0) correspond to evanescent diffraction orders (with the sign of Im k, chosen such that the field decays
away from the array). In the far field limit (large |z|), one thus has

E(ry,|z] > 1/ko) = Ein(r) |1 +Z,1"(20)c]§2(j)@(2)] + &5 (r) [z

O(=2)|, (6)

Using the steady-state amplitude in Eq. (4), we identify the reflection and transmission coefficients r(d) = iI'(0) /[—2+
2w(0) —4I'(0)] and ¢(0) = 14 r(6). Note in particular that the array is perfectly reflecting when light is resonant
with the Bloch mode, § = w(0), and generally that the system is lossless with |r|? + [¢t|2 = 1 [13, 14]. These
properties reflect the single-mode nature of the light-matter interaction for this system, where the light excites only
a single collective eigenmode |Fy,, —o), and this collective mode only re-radiates light elastically back in the same
k;y = 0 direction (either forward or backward). In Fig. 2, we plot the reflectance and transmittance spectra and the
transmission phase. Notably, near resonance, the transmitted light can undergo a significant phase shift of up to /2.

C. Refractive index

We now consider a 3D array, with the lattice constant d, between 2D layers allowed to be different than the
intra-layer lattice constant d. Naively, if each 2D layer can contribute a large phase shift to transmitted light, then
one expects a large, perfectly real index scaling like n ~ Ag/d,. This naive argument does not account for multiple
scattering between planes or evanescent fields, but we now present an exact calculation showing that this scaling
holds.

As before, we restrict ourselves to the weak driving limit at normal incidence. Thus, only the collective mode
| Ex,,=0) of each 2D array can be excited, leading to a total wave function |¢3p (1)) = ca(t)|G) + 32, ()| Ex,, =0,5),
where cg(t) ~ 1 and |Ey,,—o;) is the collective mode associated with the 2D plane at position z;. Within this
manifold, the dynamics under Hgo of Eq. (1) is equivalent to a 1D problem, characterized by the matrix elements

Hji]gidip}ij = (Ex,,=0,i| Haip—dip|Fx,,—0,;), which explicitly read
(0~ i1 i=j,
Hé?)—d'p ij — (7)
' P -F(()) k% - (gmn : &)2 k(™) |z, — 2 . .
R e e

Comparing with Eq. (5), the off-diagonal elements i # j between different planes can equivalently be interpreted as
the Rabi frequency associated with the field scattered by one plane, as experienced by atoms in another plane.



Diagonalizing this matrix Héi?)_dip then gives the optical band structure of the array at normal incidence, with
dispersion relation
I'(0) sin(kod.,)

2 |cos(k,d,) — cos(kod.)

J(k2) = w(0) + + Jev(kz)} ; (8)

where |k,| < 7/d, is restricted to the first Brillouin zone. Recall that we are in a rotating frame, and J(k,) is thus

the frequency relative to the bare atomic resonance frequency wg. Also, we will always be in a regime where the shift

is small relative to the bare frequency |J(k.)|/wo < 1. Here, Joy(k;) is the contribution coming from the evanescent
(gmn i )A(/kO)Q -1

fields of each plane, and is found to be
sinh (kodzmgmn Jkol? — 1)
Jev(kz) == > 1+
(m,n)£0,0) \/|8mn/kol” — 1 cos (k.d,) — cosh (k:odzy/|gmn/ko|2 — 1)

Although H éi?)_dip itself is non-Hermitian, the dispersion relation is purely real, as a result of the lossless nature of
the individual planes.

A typical band structure is illustrated in Fig. 3 for several different values of d/\g and d,/d. As long as J(k,) is
invertible (a single value of |k,| is associated to each value of .J), then the index is well-defined and J(k,) can be used
to directly infer its value. In particular, we consider the band edge k, = 7/d. and use the fact that |J(k,)|/wo < 1.
Then, the maximum index, describing the reduction of the effective wavelength of light compared to free space at the

same frequency, is (in the relevant regime of d < \g/2)

9)

Nmax ~ 2%027 (10)
and grows indefinitely with shrinking lattice constant. In reality, the band structure is not always invertible, due to
the interfering mechanisms of energy transfer between planes via radiation and evanescent waves. For fixed d,/d,
non-invertibility will arise for sufficiently small d, while for fixed d, increasing d, /d will eventually lead to invertibility.
This is illustrated in Fig. 3, for example, as the choices d/A\g = 1/10, d./d = 1 and d/X\g = 1/60, d./d = 1.6 are
invertible, while d/\g = 1/60, d./d = 1 is not. The condition for invertibility is derived in greater detail in Appendix
A. In what follows, we will fix d./d = 2.5, where the contribution of the evanescent coupling to the dispersion relation
is negligible |Jo (k.)| < |J(k.)| down to d = A\g/360 (corresponding to d = 6ag for hydrogen atoms) and the band
remains invertible, by which point quantum chemistry has already become significant.

When the band is non-invertible, the index is not well-defined. In particular, incident light can excite different
values of k., and “split” into components propagating at different phase velocities. In the presence of additional
dissipation, such as arising from quantum chemistry, light strongly favors exciting the lower value of k,. This leads
to a practically observed index that can be much smaller than the prediction of Eq. (10).

We conclude this subsection by noting that the idea of using resonant scatterers to potentially realize high-index
materials has been discussed before, typically in the context of small metallic nanoparticles or metal composites with
plasmonic resonances [6, 7]. Compared to such works, two key differences of our work are that first, we consider
isolated atoms as building blocks that are completely lossless and have a large scattering cross section decoupled from
their physical size, and that second, by bringing the atoms progressively closer until quantum chemistry turns on, we
can better address the fundamental limits of refractive index of a “real” material.

D. Collective versus distinguishable response

The collective response of a uniformly excited array differs remarkably from the response of a single, distinguishable
driven atom. Concretely, we now consider an infinite 2D array, but where a weak input field with detuning § selectively
drives just a single atom located at r = ry, i.e. taking Q; = Q30;;, in Eq. (1), as illustrated in Fig. 4a. Although
this scenario might not appear particularly physical, it allows us to derive a response function that will be directly
relevant for our quantum chemistry discussions later. In particular, we will see in Sec. V that it characterizes the
optical response of photo-excited electrons that tunnel to neighboring nuclei.

We consider a wave function |¢2p) = cg|G) + 3, éjb;jbsﬂG}, where other atoms j # h can still be excited via
dipole-dipole interactions with the driven atom. Our goal is to solve for the steady-state atomic amplitudes ¢&;(9)
under Eq. (1), assuming that c¢g &~ 1. This can be efficiently done by calculating the free propagator inside the 2D
atomic array, which describes the spread of the excitation mediated by dipole-dipole interactions. In the rotating
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FIG. 4. a) A single, distinguishable atom at rp in a 2D array is selectively driven by a weak input field of Rabi frequency
Qp, (blue arrow) and detuning §. Dipole-dipole interactions between atoms allow other atoms j in the array to become excited
by an amount proportional to the susceptibility x(r; —rs, ). The rate of such a process is given by I'q(6) = —2Im [Q/ér(0)] =
—2Im 1/x(0,6). b) Dispersion relation w(kzy) of a 2D atomic array, within the first Brillouin zone. The lattice constant is
chosen as d = A\g/20, while the black, dashed line and the black point at the center represent the isoenergetic modes with
w(key) = w(0). The modes with |kay| < ko that radiate into free space are inside the boundary given by the dotted black
circle.

frame, such a propagator is given by the operator G, (6) = —(Ho + Haip—dip) *, which can be explicitly computed by
decomposing the single-excitation manifold into the Bloch modes |Ej,,) that diagonalize it. One obtains

GO =N <27r> /BZ oy 5 ey ir ey~ 2 Xm0 Gpiobain) O boner). (1)

jhoo!

where we have defined the susceptibility

o ) d 2/ . e—iKay-(r;—rn) (12)
METIR =N 9r ) S T 6 1 w(kay) — i (Key) /2

The physical meaning of these operators can be seen by examining the first-order expansion of the Dyson equation,
which leads to the weak-driving steady state |¢ap) = (1 4+ Gy (6)Harive) |G). For the case of a selectively driven atom,

one has Harive = —Qp Y, (b;hdbshg + h.c.), which leads to the coefficients

¢;(0) = x(r; —rp,0) Qp. (13)

Some of the energy provided by the drive will naturally be radiated into free space, through the excitation of
collective modes |kgy| < ko with non-zero radiative decay rate I'(k,,). However, at small lattice constants d < Ag
this channel is negligible compared to the amount of energy that has gone into exciting non-radiative modes with
|kyy| > ko, which subsequently propagate outward from r; along the array itself. To illustrate this, we first plot
w(kyy) within the first Brillouin zone |k;|,|k,| < 7/d in Fig. 4b for a lattice constant d = X¢/20 that is small
compared to the resonant wavelength. For d < g, the first Brillouin zone is dominated by the region outside the
light cone |kzy| > ko. Restricting the integration in Eq. (12) to this dominant region, one has I'(k,) = 0, while
the energy scale is dictated by the near-field (~ 1/r3) component of the Green’s function, leading to the functional
form w(kyy) ~ To(Ao/d)? f(kyyd/m). Considering that the region of integration scales as dky, = (7/d)?d(ky,d/7),
one then obtains the final scaling x(r; — rs,8) ~ d®/(IgA}). We note that x(0,d) can have an imaginary component
describing work done by the drive on atom h. This occurs if there exists an isoenergy contour where w(kzy,) = 9 (see
the dashed black curve in Fig. 4b for the contour w(ky,) = w(0)), allowing the drive to resonantly excite a continuum
of non-radiative modes. Specifically, the quantity I'q(d) = —2Im [Qp/ér(0)] = —2Im 1/x(0, ) quantifies the rate at
which energy is irradiated into the atomic array via the selectively driven atom (as pictorially described by the wavy
arrows in Fig. 4a). In Appendix B, we describe our numerical procedure to calculate y, which demonstrates the
scaling mentioned above.

For the quantum chemistry problem, it will also be helpful to understand the problem of a 2D array illuminated
by a normally incident plane wave of Rabi frequency 2y, but with a single missing atom at site r = r;. In Sec. V, we



will see that this classical calculation roughly equates with the optical response arising from electronic density-density
correlations. Working in the usual weak driving limit, it is convenient to write the steady-state, single-excitation
amplitude of atom j as ¢;(0) = cg(d) + ¢;(9). Here, cg(d) is the solution for a defect-free, uniformly driven array
given in Eq. (4), while &;(d) is the solution for an array with a single driven atom at rj given in Eq. (13). This
expression is valid provided that 5 = —cg(d)/x(0,d) is chosen such that ¢;(0) = cg(d) + ¢x(d) = 0. Physically,
this states that the overall solution can be expressed as the coherent sum of the solution of two separate problems,
of a uniformly driven perfect array and a perfect array with a single driven atom. Enforcing that ¢;,(6) = 0 via a
proper choice of the single-atom driving amplitude 2;, says that the atom at r; has no excitation amplitude, which
is equivalent to having no atom at rp to begin with.

To quantify the effect of a missing atom, we can calculate the scattering cross-section associated with a hole at
the driving frequency 6§ = w(0). In general, given a set of atomic dipoles illuminated by a field ; and producing
coefficients ¢;, the total cross section is given by the optical theorem [22, 23] to be o = (00/2)(Io/Q%)Im > e,
where 09 = 3)\3/(27) is the resonant cross section of a single atom in vacuum. It is convenient to normalize this by
the cross-section of a single atom in the perfect array at the same frequency. Defining this ratio as Ny, we find that

o Im Qhéh o Fd(5 = w(O)) /\0

Ny = = 2o,
"7 Im Qocp T(0) d

(14)

Ny, can be interpreted as the effective number of atoms affected by the single-site hole, or equivalently the size of the
“effective” hole as seen by resonant, incident light. In particular, due to the Ag/d scaling, for small d the effective
hole size can be much bigger than the unit cell size d?, and N, > 1.

The total field produced by a plane wave interacting with an array with a single hole can be derived from Eq. (2)
and the excitation amplitudes ¢;(d). We can also generalize to the case of an array with a small fraction P, < 1
of defects randomly removed, if we assume that the defects are sufficiently far enough apart that their emission is
uncorrelated. This results in a generalized transmission coefficient of (compare with Eq. (6)) of

iT(0)/2
~5 +w(0) —i0(0)/2 + Pyon()’

#H0) ~ 1+ (15)

and a reflection coefficient 7(§) = ¢(§) — 1. We see that the effect of the holes can be incorporated into a complex
“self-energy” Yy, (d) = 1/x(0,9), describing an effective energy shift and additional decay rate experienced by the
collective mode |Ex,,—o). In particular, this additional decay implies that |r()[* 4 [t(6)]* < 1, due to the holes
scattering light into other directions k,, 7# 0.

III. QUANTUM CHEMISTRY MODEL

A. Introduction to model

The potentially large and purely real refractive index obtained in the quantum optics limit, nmax = Ao/2d,, is
associated with the single-mode nature of the light-matter interaction. Intuitively, the new degrees of freedom and
dynamics opened up by quantum chemistry can break the single-mode nature, creating channels for inelastic or spatial
multimode scattering and subsequently reducing the maximum index.

As mentioned in the introduction, our primary goal here is to understand the behavior of the refractive index
at densities corresponding to the onset of quantum chemistry, when the lattice constant is still large compared to
the Bohr radius, d > ag. We favor this approach because chemistry can be considered weak and can thus be
treated perturbatively, which allows one to avoid the well-known theoretical and computational challenges of quantum
chemistry of solids. Studying this regime also enables one to continue to treat multiple scattering non-perturbatively,
which is key to understanding the limits of refractive index.

Within the weak chemistry limit, one still has to choose the individual atomic building block of the lattice. We take
hydrogen atoms, which have the advantage that the single hydrogen atom is an exactly solvable quantum mechanics
problem. One could instead conceivably take an atom that corresponds to a more realistic optical solid (e.g., silicon),
with the price that the single atom is already a complicated many-electron problem, and density functional theory or
other techniques would have to be applied to justifiably and quantitatively reduce to a more minimal model (such as
only involving the valence electrons). Despite the specificity of taking hydrogen, we will see that the main mechanisms
that limit the refractive index involve the emergence of quantum magnetism, chemistry-induced electronic density-
density correlations, and tunneling dynamics of photo-excited electrons. These are rather general features in materials,
which plausibly give our model broader qualitative validity. Finally, in our model, we assume that the nuclei can be
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magically “fixed” to realize any lattice constant, while more realistic routes toward an ultrahigh index material are
discussed in Sec. V C.

To be specific, we consider a rectangular lattice with lattice constant d in the transverse plane and d, = 2.5d along
the direction of light propagation, avoiding the non-invertible optical band structure discussed in Sec. II C. For an
isolated hydrogen atom, the transition wavelength from the 1s to 2p level is Ag ~ 121 nm and the corresponding
spontaneous emission rate is I'g = 27 x 100 MHz. Of course, neither hydrogen nor any other material is energetically
stable for arbitrary values of d, d., but again we assume that the nuclei can be fixed for this thought experiment.

Formally, the Hamiltonian describing the quantum chemistry and the light-matter interactions associated with the
hydrogen lattice is given by

H=Hqg+ He—el + Hpn + Hph—e1 + Harive - (16)
Here, Hoy = ), h; where
h; = i —> Ve(ri—Ry) (17)
2m r

describes the kinetic energy of electron i and its Coulomb interaction Vo (r) = ¢%/4meo|r| with the positive nuclei fixed
at positions R;. The sums run over 1 <14,j < IV, where for hydrogen N corresponds both to the number of nuclear
sites and the number of electrons in the system. The second term in Eq. (16) captures the electrostatic interaction
between the electrons and takes the form Hei—e1 = (1/2) >, ;; Vo(ri — rj). The third term describes free photons

Hpn = > hwka;f(ak with dispersion relation wy = c|k|, and the fourth their interaction with matter, which in the
Coulomb gauge reads

2
Hpph—e1 = —% ZA(I‘z‘) "Pit 2qu Z A(r)*. (18)

Here, A(r) denotes the vector potential of the electromagnetic field which admits the mode decomposition

Ao h ik-r
A(r) = Zek m (CLke k + hC) s (19)
ko

where V' is the quantization volume, and &5 with o € {1,2} denote the transverse polarization unit vectors obeying
&Y -k = 0. The final term in Eq. (16) is associated with the (classical) optical driving field.

We bring the matter part of the Hamiltonian into second quantized form by associating a localized, orthonormal set
of electronic Wannier states |¢;,,) centered around each site i, where o denotes the spin state and v the band index.
The associated fermionic creation operators b:r,w were already introduced in Eq. (1). The Wannier functions at different
sites are related by translational symmetry, |¢io) = |¢.(r — R;))|o), where the notation |¢,(r — R;)) indicates that
the projection of this state onto a position basis yields a wavefunction ¢, (r — R;) with ¢, (r) exponentially localized
in r. In the non-interacting limit of large d/ag — oo, the form of the Wannier orbitals ¢, (r) approaches that of the
atomic orbitals. In terms of the Wannier states and operators,

Hea =Y (¢u(r = Ry)|hloy (r — Ry))b5bujo

ij,V,0

1
Hel-e1 = 5 D (Gulr =R (= Ry)Volr — 1) |du (r' = Ri) by (x — R))bL b burkor buio

ijkl,pp’vv’ oo’

2
Huca= 3 (0t~ Ro)| (A0 = LAW) B ) 160~ Ry Ly (20)

ij,vv’ o
Above, we note that H is block diagonal in the band index v.
B. Effective 2D Hamiltonian
1. Simplifying assumptions

While the Hamiltonian of Eq. (16) is completely general, we now introduce simplifications we can make in the limit
d, = 2.5d and d > ag:
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e For these lattice constants, we can assume that quantum chemistry first turns on within individual 2D layers,
while chemical interactions between layers (separated by d.) remain negligible.

e Being interested in near-resonant light interactions, we take the long-wavelength limit. Physically, we assume
that the field interacting with each atom does not probe the spatial extent of the associated electronic orbital
around the nucleus, which implies the approximate eigenvalue equation r ¢, (r — R;)) ~ R;|¢,(r — R;)) as far
as light is concerned. In particular, the interaction term Hpp_e in Eq. (20) takes the approximate form

Honoa ~ = 37 A(R) - (6,(r = Ro)[Plow (r = Ry)) bl burjo (21)

P
ij,vv’ o

where we have dropped the term quadratic in A(R;) that no longer couples to the electronic states. We further
work in the regime of weak driving, which is sufficient to probe the linear refractive index, and restrict our
calculations to the two lowest electronic bands (those reducing to the 1s and 2p hydrogen levels in the isolated
atom limit).

e In the large d/agp limit, the Wannier orbitals have an exponentially reduced weight at neighboring nuclei. We use
this to truncate Eq. (20) to the following terms: on-site terms and tunneling between nearest neighbor nuclei in
H,,, on-site He(lo_)el (with i = j = k =1) and pair (i = [, j = k) interactions in H_¢, and on-site terms (i = j)
in thfel'

e The on-site terms captured by H é?jel cause states where two electrons sit on the same nucleus to have a large
energy cost U, which is on the order of the hydrogen ionization energy. This large energy cost allows the
dynamics to be projected into an effective low-energy Hamiltonian, within the manifold of one electron per
nucleus.

e We integrate out the photons, which along with the pair interaction terms in He)_g, give rise to the dipole-dipole
interactions previously analyzed in Sec. II.

2. Presentation of effective 2D Hamiltonian

Under these conditions, the effective Hamiltonian governing atom-light interactions and quantum chemistry of a
2D array is given approximately by

Hop =" (esbiwbsw + epbjmb,,w) “To > Gy (bj,wbsw) (bljg,bpjg,) +Z (Qe—ithb;wbsw N h.c.)

io ij,o0!
Hoy Haip—dip Havrive
+ID 8 S —ter Y (Bl bpjabl ;g bsior + huc.)
(i) (ij)oo’
Hyy=Hj;+H:
= Hqo + Hyy (22)

where (ij) denotes restriction of the sum to nearest neighbors, while S; = (1/2)>"__, biwﬁm/bsw/ and 7 denotes the
Pauli matrices. Naturally, one can see that a subset of the terms in Hap (the first three terms on the right hand side)
correspond to the Hamiltonian Hqo, Eq. (1), in the quantum optics limit, here written without the rotating frame
and implicitly restricted to a 2D array of atoms. We note that while the assumptions stated in Sec. IIIB1 leading
to the above Hamiltonian are reasonable, it is difficult to completely quantify the errors associated with the terms
that are omitted with respect to the full Hamiltonian (16). Indeed, if that could be done, that would amount to
doing exact quantum chemistry, which is likely intractable. Eq. (22) should thus be viewed as a minimal model that
is believed to contain the key physics. We now provide some intuition of the physics described by the “new” part of
the Hamiltonian Hijy arising from quantum chemistry. A more detailed derivation of Eq. (22) is given in Sec. IV for
those readers who are interested.

The Hamiltonian Hyj coincides with the tJ model Hamiltonian of condensed matter physics. In particular, the
on-site interaction energy Us, for two s-orbital electrons to occupy the same nucleus is on the order of the hydrogen
ionization energy, while the tunneling rate ¢, for such electrons is exponentially suppressed for large d/ag. Thus,
one has that Uss > |ts], in which case the site occupancy of the ground state is frozen to one s-orbital electron
per site (Mott insulator). However, within second-order perturbation theory, an electron can tunnel to its nearest
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FIG. 5. a) Illustration of the perturbative process giving rise to anti-ferromagnetic Heisenberg spin interactions between nearest-
neighbor electrons in their s-orbitals. An electron tunnels to its nearest neighbor, giving rise to an intermediate state with large
energy E = U,s due to on-site interactions, and an electron subsequently tunnels back. This process is only allowed provided
the two electrons have different spins, due to Pauli exclusion. b) The Heisenberg spin interaction leads to an anti-ferromagnetic
Néel order for the many-body ground state, as qualitatively illustrated here by the checkerboard pattern of up and down spins
of the s-orbital electrons. At next order in perturbation theory, the intermediate state illustrated in a) manifests itself in the
many-body ground state through the appearance of bound holon-doublon pairs (the pairs of sites outlined by rectangles), which
reflect the electronic density-density correlations generated by the interactions. These pairs consist of a holon (dashed circle),
i.e. a nucleus without an electron, and a neighboring doublon with two electrons. c¢) An analogous process to a) can occur if an
electron on one site is in its p-orbital (with the p-orbital state indicated by orange) and a neighbor is in its s-orbital (indicated
by green). Note that going from the initial to the final state, both the spin and orbital degrees of freedom between the sites
have been exchanged.

neighbor and back, provided that the involved electrons are of opposite spin, as illustrated in Fig. 5a. This gives
rise to the anti-ferromagnetic Heisenberg interactions H; between the spin degrees of freedom of nearest neighbor
electrons. This reflects the onset of quantum magnetism due to quantum chemistry, and is well-known to arise from
the single-band, half-filled Fermi-Hubbard model, in the limit of U > |t5| [24]. The spin interaction strength is given
by J = 4t2/Ug,.

As a result, the global state |o) of the spins in the ground state has anti-ferromagnetic Néel order, as qualitatively
illustrated in Fig. 5b. This alone does not alter the optical properties discussed in Sec. II, as the spin is decoupled from
electron-photon interactions. As far as ground state properties are concerned, the first chemical effect that modifies
the optical response comes from considering the change in total wave function at the next order of perturbation theory.
Due to its complexity, we do not explicitly include it in Hyj. However, it is qualitatively easy to understand and is
discussed in more detail in Sec. IV.

Specifically, while H; describes the perturbative effect of tunneling within the low-energy manifold of one electron
per nucleus, the intermediate state in Fig. 5a at next order of perturbation theory leads to a total ground state
illustrated in Fig. 5b, where the number of electrons per site is no longer fixed to one, and there is a small probability
~ (ts/Uss)? to find holon-doublon pairs consisting of two electrons on one nucleus and no electrons on a nearest
neighbor. A more precise many-body calculation presented in Sec. IV shows that the fraction of sites occupied by
holons or doublons is 2P,q ~ 5.16(ts/ Uss)z, where P,q indicates the ratio of the number of holon-doublon pairs
over the total number of lattice sites. These holon-doublon pairs are a manifestation of electronic density-density
correlations that emerge due to quantum chemistry, and we will later argue that light sees these pairs as effective
holes that reduce the optical response of the 2D array.

Having described the relevant physics of the many-body ground state, we now turn to the dynamics that can occur
upon excitation with weak light, when an electron will be promoted to a p-orbital. The dynamics of the photo-
excited electron is contained in the Hamiltonian term H;. Physically, it describes motion of an excited p-orbital
among the background of s-orbital electrons through the perturbative process illustrated in Fig. 5c. For example, a
p-orbital electron can first tunnel to a nearest neighbor already containing an s-orbital electron, to create a high-energy
intermediate state of energy /= U,,. The s-orbital can then tunnel back to replace the p-orbital on its original site.
Within perturbation theory, the overall rate of such processes is given by tegq = 2t5t,/Usp, where ¢, is the tunneling
amplitude of the p-orbital electron, and Us, is the on-site energy associated with having an s- and p-orbital sitting
on the same nucleus. Note that this double tunneling event not only exchanges the p-orbital and s-orbital electrons
at neighboring sites, but also their spin states. The s-orbital electron spins that are displaced in this way by the
excited electron dynamics break the original anti-ferromagnetic order and thus incur a spin interaction energy cost.
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As discussed further in Sec. V, this energy loss due to spin flips results in inelastic photon emission when the p-orbital
drops back down to an s-orbital, and presents a limitation to the maximum achievable refractive index.

The Fermi-Hubbard model or extensions of it have served as the starting point for various studies of the dynamics
of photo-excited electrons (see, e.g., Ref. [25]). Compared to previous work, a key difference in our work is the
inclusion of an additional, long-range dipole-dipole interaction Haip—aip in Eq. (22), which encodes the possibility of
non-perturbative multiple scattering of light. From Sec. II, we see that this term is needed to correctly predict the
large refractive index in the quantum optics limit, and apparently its reduction in the quantum chemistry regime.

C. Energy scales of interactions

Here, we quantify how the various energy scales behave as a function of d/ag. In principle, the Wannier functions for
a lattice of hydrogen ions could be numerically computed by standard techniques [26] and the microscopic parameters
ts.p, Uss,sp directly obtained. However, this is challenging in our regime of interest where d/ag > 1, as one expects
ts.p to be exponentially small. We therefore adopt an alternative strategy, assuming that the microscopic parameters
tsp also characterize the spectrum of the H;r hydrogen molecule ion, and benefitting from the fact that the energy
curves of this molecule can be calculated with very high numerical precision. We specifically utilize the numerical
data of Ref. [27].

In particular, we equate 2t with the energy splitting between the two states of the ground state manifold (with the
labels 01s and o41s in the conventional separated-atoms description). These two states approximately correspond
to the odd/even superpositions of a 1s orbital on the two nuclei a and b, (1s), F (1), at large nuclear separation.
Likewise, we equate 2t, with the splitting between the o};2p and 042p excited states, which roughly correspond to
the states (2pz)a F (2ps)p at large nuclear separation (we take the axis of separation to correspond to z). Finally,
we approximate the on-site energies at large d/a¢ from the orbital wave functions ¢1, ¢2p, of the isolated hydrogen
atom, with

2
_ @ L2 ()2
Uss = 47eq /drler |ry — r2|¢18(r1)¢15(r2)’
q> 1 2 2
Usp = dreo / drldr2m¢1s(r1)¢2pz (r2). (23)

These energies can be evaluated exactly from the known wave functions of the hydrogen atom. As detailed in Sec. IV A,
one finds that Uss = 5|es|/4 and U, = 118|es|/243, where €, = —13.6 €V is the hydrogen ground state energy.

The resulting tunneling and on-site interaction energies are plotted as a function of lattice constant (i.e. internuclear
separation) in Fig. 6a, with energies in units of the Rydberg constant. In Fig. 6b, we plot the quantities teg and
J derived from these microscopic parameters. We also plot the collective decay rate I'(0) of a 2D array. Once the
inequality |¢s,,| < Uss, Usp is no longer satisfied, corresponding to d/ag < 10, one expects that our minimal model (22)
will break down (see, e.g., Ref. [28] for a study of the single-band Fermi-Hubbard model at half filling).

IV. DERIVATION OF EFFECTIVE 2D HAMILTONIAN

In this section, we derive in greater detail the various terms that appear in the Hamiltonian of Eq. (22). None of
the results here are original, but are instead included for completeness. Readers who want to directly understand the
consequences of Eq. (22) on the maximum refractive index can skip to Sec. V.

A. tJ Hamiltonian

First, we derive the low-energy Hamiltonian Hyj of a 2D array by integrating out high-energy states associated
with double occupation of a nuclear site. Starting from the full Hamiltonian of Eq. (16), and taking the limits of

interest discussed in Sec. III B, we expand the single-electron Hamiltonian He = H GEIO )+ H éll ) in terms of on-site and

nearest neighbor terms, and consider only the on-site terms in the electron-electron interaction H, e({)zel that are energy

conserving (i.e. conserve the occupation number of the s- and p-orbitals individually). Written out, one has

0
Y = > Usansitnsiy + Usp (Mgt + 1piy) (it +1sit) + Y Uspspblinhh o bsiorbpia- (24)

oo’
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FIG. 6. a) Numerical values used in our model for the tunneling rates ¢ (black) and ¢, (red) of s- and p-orbital electrons,
respectively, as a function of scaled lattice constant d/ag. These rates are inferred from the spectrum of the Hj hydrogen
molecule ion. We also plot the on-site interaction energies Uss (blue) and U, (green), as calculated from the isolated hydrogen
atom orbitals. Energies are shown in units of the Rydberg constant |es|. b) Heisenberg interaction strength J (black) and
p-orbital impurity tunneling rate tegr (red) as a function of lattice constant, and in units of the Rydberg constant. The solid and
dashed blue curves indicate the collective emission rate I'(0) of an ideal 2D lattice in the quantum optics limit, and the emission
rate ['g of an isolated hydrogen atom, respectively. The orange curve represents the resonant emission rate I'q(d = w(0)) related
to a selectively driven atom in an array, as discussed in Sec. II D. The green curve captures the effective dissipation rate in the
optical response of a 2D array, due to quantum chemistry. This is quantified by —2Im 3qc(d = w(0)), where here we evaluate
the self-energy on resonance.

Here, Uss and Uy, are defined as in Eq. (23), while

2

Usp,sp = £ /drldr2rlir2|¢1s(r1)¢2pz (r2)¢15(r2)P2p. (r1)- (25)

4meg

Note that the interaction energy arising from Us, is independent of spin state, while that from Uy, o, is spin
dependent. These interaction energies can be evaluated exactly by taking the known hydrogen atom orbital
wave functions, and by writing the interaction potential in terms of spherical harmonic functions, |r; — ro|™! =

l 4 . .
D AR D ﬁ)’l;&(ﬁl, #1)Yn (02, ¢2). Here, r- and r~ denote the minimum and maximum of 71, r9, respec-
>

tively. As noted earlier, one finds Uss = 5les|/4 and U, = 118|es|/243, while evaluation of the spin-independent
energy gives Ugp sp ~ 0.07U,. This allows us to ignore the small spin-dependent term Ugp s, from here on. The

primary effect of the long-range nature of the Coulomb interaction (beyond on-site terms of H, 8(10_)81) is a contribution
to dipole-dipole interactions, analyzed further in Section IV C. In the large d/ag limit, the remaining energy non-
conserving on-site terms (along with contributions from higher bands) would in principle provide an exact treatment
of the negative hydrogen ion (single proton, two electrons) [29, 30], but should not qualitatively change the subsequent
results.

Written out explicitly, the subset of terms we analyze here is then given by

H = Z €ENyic — Z t, (bligbuja + hC) + Z USSTLSZ‘TTLSN + Usp (npm + nmi) (nsn + n5i¢), (26)
wo (ijyvo B
7O 4P ~H

where v € {s,p}. In principle, the tunneling ¢, of the p-orbital can be anisotropic along different directions, but
for simplicity we will take an isotropic value here, with the value determined by Sec. III C. In the large d/ag limit,
we approximate €, , by the corresponding energy levels of the hydrogen atom. This also assumes that there is one
electron per site, as detailed in Sec. IV C.

In our limit of interest of large d/a¢ and half filling, the on-site interaction terms Uss, Usp originating from H, élolel
greatly exceed the tunneling rates. The Hilbert space thus separates into a low-energy manifold consisting of one
electron per site, and a high-energy manifold where two electrons occupy the same nucleus. Using a Schrieffer-Wolff
transformation [31], one can project the dynamics under H' into the low-energy manifold. In particular, we define P

as the projector into the manifold of one electron per nucleus and Q = 1 — P as its complement. The Schrieffer-Wolff
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transformation then states that the effective low-energy Hamiltonian is given by Hlg = %[S, H,], where

5= 3 TR IR oy ) 7

n,n’

oo and E, s the corresponding energies, while He = H, élo ) + H éll ) is the single-
electron Hamiltonian limited to on-site and nearest neighbor terms. Evaluation of this equation gives

Here, |n),|n’) are eigenstates of 7Y

4¢2 12
éff = Hyy — U7p ania - Uis Z (nsianpja/ + nsjanpio’) . (28)
sp g s

P (ijyoor

The term proportional to n,;, describes a (small) overall renormalization of the p-orbital energy, which is not relevant
to our discussion. Furthermore, in the limit of weak driving by an external field such that only one p-orbital is
excited (linear optical response), the last term proportional to 2/ Usp has no effect on the dynamics. Indeed, this
term describes a conditional shift of the neighboring s-orbital energies (and thus their transition energies), once a
p-orbital is already excited, and thus only contributes a nonlinear optical effect. We have thus derived the Hyj
Hamiltonian that appears in Eq. (22).

It can be noted that H' in Eq. (26) is essentially a two-band Fermi-Hubbard model. Certainly, the Fermi-Hubbard
model over-simplifies the full quantum chemistry problem of an array of hydrogen atoms. Perhaps most prominently,
the on-site interaction energies U, as estimated from the hydrogen electron wave functions, are on the order of
the ionization energy of hydrogen itself, which implies that higher bands are needed to accurately reproduce the full
electronic wave functions of the array. Nonetheless, state-of-the-art computational quantum chemistry calculations [32]
on the ground state of a 1D hydrogen chain at large lattice constants suggest that the Fermi-Hubbard model does
describe well the key physics (e.g., spin correlations consistent with the Heisenberg spin model). Although such a
direct comparison in 2D is beyond numerical capabilities, we take the 1D results as sufficient justification for the
reduction to the 2D Fermi-Hubbard model.

B. Density-density correlations: holon-doublon pairs

The intermediate states in perturbation theory that give rise to the Heisenberg spin interaction H; (see Fig. ba
and encoded in Eq. (27)) describe the onset of density-density correlations in the ground state, due to Coulomb
interactions between electrons. Specifically, these states describe holon-doublon pairs, bound states consisting of an
empty nucleus and a doubly occupied one (Fig. 5b). They will influence the optical response of a 2D array, and thus
we summarize how their population in the many-body ground state can be calculated via a slave-fermion formalism
introduced in Ref. [33]. In this approach, one amplifies the Hilbert space associated with s-orbitals on each site,
defining bosonic operators sza that create a spin-o “spinon” particle on each site, and fermionic operators e:-r and d;r
that create “holon” and “doublon” particles, respectively. The physical fermion operator can be expressed in terms
of these new particles as

bsic = S;‘rgdi + Sign<0)5iaej s (29)

where & denotes the opposite spin value of o, and sign(1) = —sign(}) = 1. The physical Hilbert space is preserved by
imposing the population constraint on the new particles,

e;[ei + d;rdi + Z s;rosm =1. (30)

While the discussion thus far just amounts to a formal re-mapping of the problem, a considerable simplification arises
by assuming spin-charge separation. In particular, in the limit |t5]/Uss < 1, the spin sector s;, is assumed to be
characterized by the ground state of the Heisenberg interaction term Hy = J > (i) S;-S; of the tJ model within linear
spin wave theory [24], which is known to reproduce accurately key quantities like the sub-lattice magnetization [34].
The properties of the charge sector involving holons and doublons can then be computed taking into account the
coupling of the chargons to the background spin waves, while assuming that the charge dynamics do not impart
back-action on the spin sector. This approximate theory is known to exhibit good agreement with state-of-the-art
numerical computations on the half-filled Fermi-Hubbard model [33].

Specifically, within linear spin wave theory, it is first assumed that at the mean-field level, there exists anti-
ferromagnetic Néel order. This is captured by dividing the square lattice into alternating sub-lattices A and B, and
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assigning a mean-field value s;y, SIT — 50 and s;, SL — 8¢ to the spins on sub-lattices A and B, respectively. The
amplitude so € R can eventually be computed by taking the expectation value of Eq. (30), whereby

) {1—<eez> (didi) — (s} si) i€ A

%= 1= eles) — (alds) — (slysir) i€ B (31

and where (...) indicates the expectation value in the many-body ground state. This allows to implement the number
conservation constraint self-consistently [33].

One can then re-write the Heisenberg Hamiltonian H; in terms of these mean-field values and the remaining spinon
operators s;|, s;+ describing fluctuations on sub-lattices A and B, respectively. This Hamlitonian can be diagonalized
in momentum space, as

HJ = 2JS% Z QkCLCk 5 (32)
k

where Qi = /1 — fyﬁ with vy, = (cos k,d + cos kyd)/2 and with bosonic Bogoliubov operators cx = uxSk + vksik of
the Fourier transformed spinon operators sx on either sub-lattice, with ui — Uﬁ =1 and ukxvkx = —yk /2. The spin
sector thus supports a single band of low-lying collective magnon excitations, created by CL.

We now return to the single-band Fermi-Hubbard model, as described by the terms in Eq. (26) involving only

s-orbital electrons. Re-writing this Hamiltonian in terms of the spinon and chargon operators gives
- Us;
H = 2Jsg Z QkCLCk + ; Z (dek + e;r(ek)
k k

—|—4tsng(dT ek+hc) + 4t SQZqu <d dk+qc +ek+qekc +hc) ,
k

k,q

(33)

where we have defined Q = (7/d,7/d)T and Viq = — (Yt qliq +kVq)/VN. (Here, and also in following sub-sections,
we will simply re-use the notation H' to avoid defining excessive new variables, with the understanding that the
definitions of H' in different sub-sections are distinct.) Physically, the first two terms in this Hamiltonian are the
spinon and chargon self-energies and the third term describes the creation and annihilation of holon-doublon pairs
from the mean-field spin background. The fourth term represents a coupling of the chargons to the background spin
fluctuations.

To calculate the holon and doublon populations at the onset of quantum chemistry (i.e. at large d/ag or equivalently
at lowest order in ¢;/Uss), the last term in Eq. (33) can be dropped and one gets a free particle theory in the charge
degrees of freedom. The free particle Hamiltonian can be diagonalized by a fermionic Bogoliubov transformation, and
evaluating Eq. (31) then yields s2 2~ 0.803. In a similar manner, we calculate the number of holon-doublon pairs P,q

over the total number of lattice sites, as Phg = Zl<d1dl> /N, which straightforwardly gives

1t )\’ 2.2
Pha ~ ( Uss> > (dspmd)’, (34)

keclBZ

with the sum evaluated over the first Brillouin zone as indicated. Then, in the thermodynamic limit, P,q ~
2.58(ts/Uss)? as stated in Sec. II1.

C. Electrostatic interactions

Here, we analyze in more detail the Coulomb interactions both between electrons and nuclei, and between electrons,
with the goal of deriving Hy and the so-called longitudinal part of Hyip—gip in Eq. (22). The on-site term of the single-

particle Hamiltonian Hé?) is band-diagonal and can be written as He(lo) = Ziou €, Nyio, Where

2
€ = /dsr (1) ;)Tn - ZVC(r+Rij) Gy (r). (35)

In the large d/ap limit, it is convenient to expand the Coulomb potential Vo (r — R;;) as a multipolar expansion.
Explicitly,

2
I R Rij-qu - Rij
-/ dr¢y(r)<2m Volr )) (x) 47% R L R (36)
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where we have defined R;; = R; — R; and R;; = |R;;| as well as the quadrupole moment q,,, = ¢ [ d®r ¢}(r)(3r @
r — |r|?)¢,/(r). We have also used the parity of the Wannier functions to conclude that q,, is diagonal in the band
indices (with v, v/ restricted to s, p) and to discard a first-order dipolar term. It should be noted that ¢, diverges due
to the sum ). iR;jl, which reflects the infinite potential energy of a point-like electron within a lattice of positive
charges. At half filling, however, each nucleus is overall charge neutral due to the presence of an electron at the same
site, eliminating this infinity. Formally, the divergence cancels with a corresponding term in H élllel.

To establish this, we now consider the electron-electron interactions H (11 )

ol_e Involving pairs of sites (¢ =1 and j =k
in Eq. (20)). Applying a similar multipolar expansion,

2

1) q 1 q Rij - qu, - Ryj

Helfel = NyicNy’ jo! + E 5 NyicNy’ jo!
8’/T€0 ij 471'60 Rij

i,j#i,vv’ o0’ i,j#i,vv’ o0’

N Z d-(1 —;:szﬁ?jfiz‘j) ~dyw (bLigbﬁw) (bljglzyng,) +...,

(37)

i, j#L,vp,00’

where we have defined lflij = R;j/R;; and the dipole moment d,,» = ¢ [ d®r r ¢}(r)$, (r), and where 7 = p (s) when

v =5 (p). The first two terms in this expression will cancel with the terms in the multipolar expansion of H, élo ) under
the assumption of one electron per site, > n,i, = 1. This justifies keeping only the first term on the right hand
side of Eq. (36) for €,. We furthermore approximate this first term by the energy eigenvalues of the bare hydrogen
atom.

The last term in the expansion of H, C(llzcl is not cancelled, however. Physically, it drives transitions between the
s- and p-like orbitals on pairs of sites. The net electrostatic interaction is therefore captured, to first-order in the

expansion in d/ag, by the Hamiltonian

H = Z d;m (1 8322]}? sz) d» (wabﬁia) (bijg/bpjo',) . (38)
ij#Ei,vp,o0’ 07%j

Some terms in H’ are energy non-conserving (e.g., two s-orbitals being annihilated to form two p-orbitals). These
encode the well-known van der Waals interaction, where fluctuations involving these interactions lead within pertur-
bation theory to a ~ 1/ R?j attractive potential between two ground-state atoms. Of relevance to us at large d/ag are
the resonant terms in H’, which show the characteristic ~ 1/ Rfj scaling of near-field dipole-dipole interactions and
enable energy transfer. In the notation of Sec. ITA, d,, = pox and therefore H' takes the effective form

= To Y. Gl (Wibpio) (Blerbusor) - (39)
ij#i,00!

in terms of the single-atom spontaneous decay rate I'g introduced previously. We see that this encodes the part of the
dipole-dipole interaction Hamiltonian Hgip—dip in Eq. (1) associated with the longitudinal component of the Green’s

function. In particular, G‘llj =% - GI(Ryj,wp) - % with V x Gll(r,wp) = 0. Explicitly,

.l .§(2§ 1 3 (2-r)?
G ( s O) 4 |: (k0|r\)3 + (k0|r|)3 |r|2 :| . (40)

D. Photon-mediated interactions

The remaining transverse component of the dipole-dipole interactions in Hgj,—gip originates from integrating out
the photons in Hyh—q in Eq. (21), and restricted to the terms describing on-site electronic transitions driven by the

field. In particular, we consider the minimal light-matter Hamiltonian H' = Hy + Hp, + HI()(})]) where

—el?
HYY o = ~iwopo Y AR - % (b, bio — hec.) - (41)

Above, we have used the parity of the Wannier functions and the relation (¢s(r—R;)|p|¢,(r—R;)) = imwopo/q for the
momentum matrix element, where pg is the dipole matrix element defined in Sec. IT A. Physically, this Hamiltonian
states that transitions between s and p are accompanied by photon emission/absorption. Emitted photons can
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then subsequently propagate and either induce transitions in other atoms, or propagate beyond the atomic medium
altogether, resulting in spontaneous emission and energy loss of the atomic subsystem.

Formally, one can integrate out the photons and derive the dynamics of the reduced atomic density matrix p(t)
within the standard Born-Markov approximation, to obtain

PO = o)) = o [ e Va0, Wit = ), @ 10}, (42)

where Vpn_el(t) = e“(HO"’HPh)/hHé?llele_it(H°+HPh)/h represents the interaction Hamiltonian transformed to the in-
teraction picture and (...) denotes an expectation value with respect to the field vacuum |0). Evaluating Eq. (42)
gives rise to a master equation of the form p(t) = —i/h(H.zp(t) — p(t)H‘;[_f) +>, Jip(t)JiT. Within the quantum jump
formalism, this equation describes time evolution under a non-Hermitian Hamiltonian H/g punctuated stochastically
by quantum jumps realized by a set of jump operators J;, whose explicit form is not relevant here. Explicitly,

H'y = Hy — % / dt' (e~ HHOMYL L (#) Von—al(t — t)ettHo/y (43)
0

Substituting the explicit expression for Vpn_ei(t) implied by Eq. (41), the effective Hamiltonian can be written in
terms of the time-correlator Cj;(t) = (A(R;,t) ® A(R;,0)) of the interaction picture vector potential operators as

Hly=Hy— iwipg 3 /0 Sar [x Cy(t) % (bj,wbm) (blja,b,,j(,,) et 4 h.c.] . (44)

ij,00’

Above, we have only retained energy-conserving terms, where the photon mediates a de-excitation and excitation of
a p- and s-orbital, respectively. The off-resonant terms, on the other hand, are the photon-mediated counterparts
to the van der Waals potential of the electrostatic interaction, which are often referred to as the Casimir-Polder
potential [35]. These produce an overall shift of ground state energy between a collection of atoms in their s-orbitals,
which is not relevant for our purposes.

The correlator C;(t) of the vacuum field can readily be calculated to yield

la=Hy-To > Gb (biwbpw> (b;ja,bsj,;,) : (45)

ij#i,00'

where now ij =Gy — Gl‘] is the projection along z of the transverse part of the Green’s function (V-G (r,wp) = 0).
Combining this result with Eq. (39) gives the total dipole-dipole interaction Hgip—dip of Eq. (1).

V. REFRACTIVE INDEX: THE QUANTUM CHEMISTRY LIMIT

In Sec. III, we presented our effective model and Hamiltonian (22) to describe atom-light interactions, including
non-perturbative multiple scattering, and quantum chemistry within a 2D array at large lattice constant d/ag. Three
main effects that emerge from chemistry are quantum magnetism, electronic density-density correlations, and hopping
dynamics of photo-excited electrons. Here, we analyze their effects in limiting the refractive index of a 3D crystal.

We begin by recalling the main result in the quantum optics limit of Sec. II, involving only the Hqo term of Eq. (22).
In particular, for weak light at normal incidence, a 2D array behaves as a single-mode system, where the light excites
only a single collective mode |Ex,, o), and this collective mode only re-radiates light elastically at a rate I'(ky, = 0)
back in the same k;, = 0 direction (either forward or backward). This single-mode nature of the quantum optics
limit is illustrated in Fig. 7a (dashed purple box), and produces the large, purely real refractive index of a 3D lattice.
One effect that emerges due to quantum chemistry is the appearance of anti-ferromagnetic Néel ordering in the spin
component |o) of the many-electron ground state |G), as discussed in Sec. IIIB 2. This same spin wave function is
inherited by |Ey,,=o), as the exciting light does not affect spin. The Néel ordering in itself thus does not alter the
refractive index.

In contrast, the excited electron dynamics and density-density correlations break the single mode response by
allowing for inelastic or spatial multi-mode emission processes, as illustrated in Fig. 7b (dashed blue box). We now
describe their optical effects in greater detail, and describe how they can be incorporated into a frequency-dependent
effective level shift and inelastic decay rate of the excited state, as characterized respectively by the real and imaginary
parts of a self-energy term Xqc(d) (Fig. 7c).
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FIG. 7. a) In the quantum optics regime, a large refractive index is achieved due to the single-mode response of an individual
2D layer, where weak incident light only couples the many-electron ground state |G) to a single collective excited state | Ex,,=o),
and this state emits elastically back into the same optical mode at a rate I'(0). b) Quantum chemistry allows for inelastic or
spatial multi-mode emission. Spatial multi-mode emission into directions k,, # 0 arises from light scattering off of electronic
density-density correlations, in the form of holon-doublon pairs (dashed green arrow). Hopping of the photo-excited electron at
a rate ~ teg couples the collective excited state |Ex,,=o0) to a continuum of additional states |n), labeled by an integer n that
describes the degree to which the hopping disturbs the anti-ferromagnetic Néel order of the electron spins, as described further
in the main text. This process, along with the effective decay rate T'q(6) = —2Im x(0,8)™" of the excited electron, leads to
inelastic emission. ¢) The various quantum chemistry processes illustrated in Fig. 7b give rise to a modified optical response of
the 2D layer, which can be captured by a complex self-energy Yqc(d) of the excited state |Ex,,—o). The real and imaginary
parts describe an chemistry-induced energy shift and effective inelastic decay rate, respectively.

A. Dynamics of photo-excited electron

In this subsection, we neglect density-density correlations (i.e. assuming exactly one electron per site), and focus
on the effect of photo-excited electron dynamics as described by the tJ model Hamiltonian Hyy in Eq. (22). Instead
of dealing directly with Hyjy, we will work with the simpler tJ, model, which is known to capture well the dynamics
at short times [36]. In the tJ, model, only the z components of the spins are assumed to interact,

Hyy, =7 Sz —ter Y (biobpjobliibsior + h.c.), (46)
(i) (i)ao’
HJ Ht

z

where again the spin interaction J is restricted to electrons in s-orbitals. In this case, classical antiferromagnetic Néel
order describes exactly the global spin ground state configuration |o) of the electronic ground state |G) and excited
state |EFx,,—o), as illustrated in Figs. 8a,b. The excited state is an equal superposition of the excited p-orbital being
located at different sites, as we qualitatively show in Fig. 8b by depicting two representative configurations in the
overall superposition.

We thus want to derive the index of the system evolving under Eq. (22) and with the replacement Hyy; — Hyy,. We
also assume that due to the small magnitude of J (compared to both I'(0) and t.s, as seen in Fig. 6b), the energies
E, of different spin configurations will be non-zero but negligible from the standpoint of phase evolution e~*F<t,
Furthermore, we will ignore the contributions of Hgrive beyond the matrix element connecting |G) and |E,,—o), as
all other contributions only lead to multi-photon corrections in the refractive index that are nonlinear in the field
intensity.

The first non-trivial effect beyond the quantum optics limit arises from H; acting on |Ex,, o). As illustrated in
Fig. 8b, the state |Ey,,—o) = N_I/Q(Zj Ir;))|o) can be expressed as an equal-weight superposition, where |r;) denotes
that the excited p-orbital is located at site r; and |o) is the ground-state spin configuration. H, allows the excited
electron to exchange both its orbital and spin degrees of freedom with any nearest neighbor, thus H; couples |Ex,,—o)
to the new normalized state

1
D=—=>"" > |rj+8)ojs) (47)
2V'N j S1=£dx,Ldy

where |r; +d1) describes the position of the p-orbital following a move in the nearest neighbor direction ; and |o; s, )
is the spin state following the corresponding spin exchange. One sees that the states |0 5,) break the perfect Néel
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FIG. 8. Physics of the tJ. model. a) The many-body ground state of the 2D array consists of a single s-orbital electron per
site (green), with classical anti-ferromagnetic Néel order of the spins, as indicated by the arrows. b) A single incident photon
excites the array into the superposition state |Ex,,=o), where any electron at site j is equally excited to a p-orbital (yellow)
without changing the spin. ¢) Dynamics of the excited electron via the Hamiltonian H; couples the state |Ey,,—o) to the
state |1), a superposition state of all possibilities where the p-orbital can exchange orbital and spin degrees of freedom with
an s-orbital electron in a neighboring site (solid red arrows). This dynamics breaks the perfect Néel order for the s-orbital
electrons inside the blue boxes. Certain configurations making up the superposition are labeled and described further in the
main text.

order, as indicated by the blue boxes. From these boxes, one also visualizes that all spin states are orthogonal to one
another, (0;6,(0; 51) = J;j j/05, o, and thus the state |1) is entangled in the orbital and spin degrees of freedom. The
matrix element of the interaction is (1|H;|FEi,,—0) = —2lefr-

A key consequence of the above discussion is that the dynamics of H; results in distinguishable spin backgrounds,
even when the p-orbital winds up on the same final site. This is illustrated in Fig. 8b and ¢, where on one hand in Fig. 8b
we explicitly show two positions |r;) and |r; = r; — dX + dy) of the p-orbital in the state |Fy, o), and on the other
hand in Fig. 8c we draw the new orbital states |r;+dy) following an upward move and |(r; —dx+dy)+dx)) = |r;+dy)
following a rightward move, respectively. Despite the orbital wave functions being the same, the orthogonality of the
associated spin wave functions |0, 4y) and |o; 4x) is seen by the different blue boxes indicating where the Néel order
has been broken as a result of the p-orbital motion. Note that should broken order be left behind once the p-orbital
relaxes by photon emission, the photon emission will be inelastic and thus contributes an imaginary component to
the refractive index.

To calculate the effect on the index, we must understand how state |1) further evolves under excited-state hopping
dynamics and dipole-dipole interactions, as contained in the approximate Hamiltonian H; + Hy + Haip—aip (from
above, recall that we ignore H; and Hayive in subsequent evolution). These processes are pictorially described in
Fig. 7b, by orange (H;) arrows denoting further hopping dynamics, and red, wavy arrows (Ho + Haip—dip) denoting
dipole-dipole interactions. Due to the different scalings of the interactions seen in Fig. 6b, we consider simpler limits
where either H; or Hy+ Hgip—dip completely dominates. In any case, from the standpoint of |Ekwy:0>, these dynamics
couple this state to a continuum. This leads to an effective decay rate other than the preferred elastic emission
channel, decreasing the optical response. Our goal is to quantify this in terms of a “self-energy” contribution to state
| Fx,,—=0)-

We first consider when Hy + Hgip—dip dominates subsequent evolution of |1). Since Hy + Hgip—dip does not couple
to spins, the various states in |1) with different spin backgrounds |o;s,) always retain orthogonality in subsequent
evolution under Hy + Hgip—dip. This implies that the excited p-orbital \r]- +47) in |1) is “distinguishable” in complete
analogy to the situation studied in Sec. II D, where we considered an array in the quantum optics limit with a single
atom selectively driven by an external source. In particular, each orbital configuration |r;+97) represents an excitation
deposited on a selected atom, which can spread inside the array through the propagator G, (8) = —(Ho+ Hdip_dip)’l
(in the rotating frame of the incident light) defined in Sec. IID. One of the consequences is an effective decay rate
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Tq(6) = —2Im 1/x(0,d) as seen by the distinguishable excitation, which is depicted by red, wavy arrows in Fig. 7b
from the state |1). This analogy is manifestly seen once we use the Nakajima-Zwanzig formalism [37] to integrate out
the excited states |r; + 1) and the continuum to which they couple, to produce an effective non-Hermitian dynamics
on state |Eyx,,—o). The resulting complex self-energy, encoding the coherent energy shift and decay rate due to this
coupling to a continuum, is given by [37] 34(6) = (Ex,,—o|H;G(0)Hy |Ex,,—0) = —4t%;x(0,6). The appearance of
the susceptibility x defined by a classical optics calculation confirms the analogy.

We now consider the opposite limit where H; dominates the subsequent dynamics of the state |1). Besides returning
back to |Ey,,—o), H; connects |1) to an additional orthogonal state |2) characterized by n = 2 non-trivial hops of the
p-orbital relative to its position in the original state |Ex,, —o),

1
12) = W Z Z (1- 6517*52) |rj + 01+ 52>|0j751,52>' (48)

j 81.0=-"td%,tdy

The corresponding matrix element is (2| H;|1) = —v/3t.g. The state |2) has an increased number of nearest neighbors
with broken Néel ordering, with the spin states |0, 5,.5,) being orthogonal to one another and to the spin states in |1)
and |Ekwy:0>. For a larger number of hops n > 2, a standard approximation is to assume that spin backgrounds are
always distinguishable [38, 39]. Then, the problem reduces to hopping on a Bethe lattice and the matrix elements are
(n + 1|Hy|n) = —/3teg for n > 1, as discussed in Appendix C.

Intuitively, the effect of hopping over the states |n) will dominate the effective dissipation seen by the state | Fy,,—o)
when tog > ['q(d). As shown in Fig. 6, in the relevant range of lattice constants d > ag, this regime never occurs
when illuminating the system exactly at the resonance § = w(0). However, hopping to other states |n) can become
important for other near-resonant driving frequencies § # w(0). Hopping on the Bethe lattice has been previously
solved in Ref. [40], with the main results summarized in Appendix C. In particular, one finds that these dynamics
contribute an imaginary self-energy to the the excited state |Ei,,—o), X¢(d) = —4iteg. This intuitively states that the
effective decay rate from |Ey,,—o) to the continuum of states |n) is proportional to the hopping matrix element itself.

Up to now, we have considered the limits where either H; or Hgip—dip dominates the dynamics from the state |1).
To include both effects, we can use the simple, phenomenological formula

4t24x(6,0)

¥,(8) = ——effANT
«(9) itegx(6,0) — 17

(49)

which interpolates between the results obtained in the two limits. This is the main result of Sec. VA, as it reduces
all of the chemistry-induced photon-excited electron dynamics to an effective complex self-energy correction to the
excited state |Fy,, —o)-

B. Density-density correlations

We now ignore the p-orbital dynamics of Hy, and consider just the effect of ground-state density-density correlations
under the quantum optics Hamiltonian Hgo. The holon (nucleus with no electron) and doublon (approximately a
negatively charged hydrogen ion) have a completely different response to light and in particular do not efficiently
couple to light near resonance with the neutral hydrogen transition. At large d/ag, we can thus model the optical
response of the holon-doublon pair in the otherwise perfect array as a classical array of point dipoles with two
consecutive empty sites. The breaking of discrete translational symmetry by these two sites induces light scattering
from the incident direction into random ones, effectively leading to an imaginary contribution to the index. The fact
that light scattering is sensitive to density-density correlations is well-known in other contexts, for example, forming
the foundation for inelastic x-ray scattering spectroscopy [41].

Specifically, we want to quantify the optical properties of an array with a fraction P,q < 1 of holon-doublon pairs,
as defined in Eq. (34) (i.e. number of pairs over the total number of lattice sites). Assuming that the density of
pairs is low enough that the emission from different pairs is uncorrelated, we can proceed in an analogous fashion to
Sec. IID, where we calculated the optical response of an array with a small fraction P, of random holes. Analogous
to Eq. (15), we find that

i0(0)/2

O™ S0 =i (0) 2 T Brasia(0)

t(6) =1+r(9), (50)

where we have defined the complex self-energy ¥na(d) = > z_; 4 1/[x(0,0) + x(d€, 6)], which is averaged over the

two possible orientations é = X, y of the holon-doublon pairs. In particular, the imaginary component of ¥y,4(d)
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FIG. 9. Optimal refractive index. a) Approximate calculation of maximum real part of the refractive index (solid, blue line,
maximized over the detuning §), as a function of lattice constant, including the effects of quantum chemistry Xqc(0), without
additional phenomenological decay I'' = 0. The dashed black curve represents the result n = X\o/(2d.) in the quantum optics
limit, while the red curve shows the imaginary part of the index. b) Given any fixed value of the real index ny., we plot the
minimum imaginary part nim, obtainable with proper choices of d and § (colored, solid lines). The curves (from brown at the
bottom, to magenta on top) refer to increasing values of the additional inelastic losses TV = 0.01, 0.1, 1, 10, 102, 103. The
black solid line shows the case I' = 0, which is purely limited by the intrinsic effects of £qc (). The dotted, colored lines
represent the asymptotic scaling nim ~ [kg’d%cf’ /(127T)|n3,, where dqc = 15a0 approximately represents the lattice constant
where the effects of quantum chemistry become relevant (black, dotted vertical line of Fig. 9-a).

characterizes an effective dissipation arising from the scattering of normally incident light k., = 0 into random
other directions. In practice, the (modest) difference of the above equation as compared to Eq. (15) is that the
scattering between two consecutive sites occupied by a holon-doublon pair is correlated, and one cannot simply make
the substitution P, — 2P,q in Eq. (15). Importantly, though, a holon-doublon pair retains a relatively large resonant
cross section to scatter into other directions, close to the value of Eq. (14). This can be understood by noticing that
the pair strongly scatters into the isoenergetic modes of Fig. 4b that satisfy w(k,,) =~ w(0) (black dashed line), which
are roughly characterized by |k,| ~ const <« 7/d, and |k,| < m/d. When the holon-doublon pair is oriented along X,
the relevant Bloch modes cannot resolve the two defects placed at a distance d, and the total scattering cross section
is then very close to that of a single defect. On the contrary, when the connecting vector between the pair of sites is
along y, the Bloch modes can resolve the two sites, and the scattering cross section is roughly twice that of a single
defect, in agreement with numerical evidence.

C. The limit of refractive index by quantum chemistry

From the previous subsections, we can assign a total complex self-energy ¥qc(d) = Z¢(6) + PhaXna(d) to the
collective mode |Ey,, —o) of a 2D array, which includes the effects of both the p-orbital dynamics ¢ via Eq. (49) and
the density-density correlations Ypq via Eq. (50). The frequency-dependent resonance shift Re ¥qc(d) and inelastic
losses —2Im Yqc(6) alter the linear reflection and transmission coefficients in response to a normally incident field,
to r(d) = iI'(0)/[—2d + 2w(0) + 2Xqc(d) — ¢I'(0)] and ¢(d) = 1 + r(J). A non-zero loss —2Im Xqc(d) > 0 generally
results in a loss of coherently scattered energy |r|? + [t/ < 1. It should also limit the maximum index achievable.
This can easily be seen in the limit of large —2Im Xqc(6)/I'(0) > 1, where 7(0) ~ 0 and ¢(0) ~ 1 indicating that the
array ceases to respond to light altogether.

The derivation of the refractive index of a 3D lattice, based upon multiple scattering between 2D arrays, follows
in a manner analogous to that presented in Sec. IIC. In particular, recall that we obtained the dispersion relation
J(k-) of Eq. (8) for a 3D system by diagonalizing the Hamiltonian Hip . ;. of Eq. (7) describing field-mediated
interactions between planes. Within the limits that we consider quantum chemistry, one can repeat the calculation
with the modification of the intra-plane matrix element ng_diwi — Héi]?)—dip,ii +Xqc(9) to include chemistry effects.
This modifies the dispersion relation of Eq. (8) into the nonlinear form J(k,) — J(k;) + Xqc(J(kz)).

By choosing an aspect ratio of d,/d = 2.5, we can ensure that the contribution of the evanescent field to the
band (i.e. Jey(k.), as defined in Eq. (9)) is negligible in the range of interest d/ag > 1, guaranteeing that the

modified dispersion relation Eq. (8) is readily invertible (see Appendix A for more quantitative details). By defining
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the complex refractive index as n(d) = k,(d)/ko, we obtain

4 F(O) Sin(kodz)
26 — 2w(0) — 25qa(6) + il

n(0) arccos |cos(kod;) (51)

k()dz
To generalize the derivation for subsequent discussions about possible experimental realizations, we have also included
a phenomenological inelastic loss term I'" to the self-energy, Yqc(6) — Xqc(d) —iI'/2, which accounts for other effects
beyond the quantum chemistry interactions explicitly considered up to now. One can prove that the definition of
index leading to Eq. (51) correctly describes the optical properties within the framework of classical macroscopic
electrodynamics. For example, in Appendix D, we show that the formula of n(d) correctly describes the reflection
and transmission of a finite-length 3D system when inserted into standard Fresnel coeflicient formulas for a dielectric
slab, as long as the wavelength of light cannot resolve the atomic positions, i.e. when kod, < 1 and |n(d)kod.| < 1.

Eq. (51) represents our final formal result, where we are able to transition from the quantum optics to (weak)
quantum chemistry limit, while calculating the refractive index in a manner that still retains non-perturbative multiple
scattering of light. In order to appreciate its non-perturbative nature, we can examine the requirements for Eq. (51) to
reduce to usual perturbative theories of optical response, such as the Drude-Lorentz model. As shown in Appendix F,
this occurs when the inelastic losses due to quantum chemistry become so intense as to strongly suppress the effects of
multiple scattering, specifically, when —2Im Xqc(6)/I'(0) > 1 and kod, < 1. This observation helps to qualitatively
understand why perturbative theories of optical response work so well when quantum chemistry interactions become
strong, as is the case for real solids.

We use Eq. (51) to calculate the complex refractive index first considering IV = 0, as a function of the lattice
constant ag < d < Ag, choosing the detuning § which maximizes its real part. In the numerical implementation, we
must avoid the range of frequencies associated with the bandgap, where there are no propagating modes, i.e. the range
of values of J that have no solution for any k.. It can readily be checked that even if the losses are explicitly set to
zero (Im Xq¢ =I" = 0), within the bandgap region, Eq. (51) would predict a complex index, incorrectly suggesting
a lossy medium. We emphasize that this issue is simply associated with how to define a proper macroscopic index in
the bandgap regime, whereas the microscopic dispersion relation J(k,) remains correct.

The results of Eq. (51) for IV = 0 are shown in Fig. 9-a, where the blue line shows the maximum real part of the
index, while the orange line represents the associated imaginary part (i.e. at the same frequency ¢). The red, dashed
line shows the ideal quantum optics scaling of nymax = Ag/2d, obtained in Eq. (10). One can see that the model
predicts a possible real part of the index as large as max n,, ~ 30 around d = 15ag, accompanied by a small imaginary
part describing losses ni, < 1, for an optimal lattice constant. As one further decreases the lattice constant, one first
sees a decrease in the real part of the index and an increase in the imaginary part, followed by a decrease in both,
even as the effects of quantum chemistry continuously increase, as characterized by Xqc(d). This reflects our earlier
observation that a huge inelastic loss rate should make an individual 2D layer increasingly transparent.

Rather than focus on how large the real part of the index can be, a more relevant question might be how small the
loss can be, min n;y, given a target value of the real part of the index n... In Fig. 9b (solid black curve), we calculate
the minimum loss for a target n.., optimizing over the lattice constant d and detuning 6. We next consider how
robust our ultrahigh index, low loss material is to hypothetical additional dissipation rates IV > 0 beyond the specific
quantum chemistry interactions that we considered. In Fig. 9b we repeat the same analysis, but including in Eq. (51)
a range of values I /Ty = 0.01, 0.1, 1, 10%, 10 (from the bottom, solid brown curve to the top, solid magenta curve).
The dotted lines represent the scaling min nim ~ [kjd$cI"/(12700)]n3,, an approximate result derived in Appendix
E, and which is valid as long as nim < nye. There, dqoc =~ 15ag roughly represents the lattice constant where quantum
chemistry starts to play a major role (as shown by the dotted, vertical line in Fig. 9a).

From the above discussions, it is clear that in principle one possible approach to achieve high-index materials is to
realize high-density arrays of well-positioned, sufficiently homogeneous quantum emitters [6]. The maximum index
would be achieved at a distance between emitters right before the electronic orbital wave functions between nearest
neighbor emitters begins to appreciably overlap. Although we know of no specific platform that immediately allows
for an ultrahigh index, we note that there has been steady progress to deterministically position emitters, such as
by self-organization [42] or ion beam implantation [43]. We also note that in principle, quantum emitters already
exist with sufficiently small values of IV (where we allow IV to incorporate non-radiative decay, additional undesired
radiative decay paths, dephasing, and inhomogeneous broadening) that an ultrahigh index might be possible, if they
could be arranged into arrays. For example, single color centers in diamond (such as silicon-vacancy centers) exhibit
inelastic rates as low as IV ~ T'g [43, 44], and inhomogeneous broadening levels at low temperatures in the range of
IV/Ty ~ 10-100 [43, 45, 46]. Single quantum dots can offer almost lifetime-limited linewidths with IV <« Ty [47, 48],
although some technological improvement is still required to reduce the amount of inhomogeneous broadening in
ensembles. Separately, since the key underlying ingredient for high index is a near-ideal single-mode response of a
single 2D layer, 2D materials supporting excitonic resonances could also be a suitable platform. In particular, 2D
transition metal dichalcogenides have been observed to exhibit nearly perfect reflection on resonance [49-51], due
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to the high radiative efficiency of excitons in such systems. If such individual layers with sufficiently low loss could
be stacked with controllable spacings between layers [52], an ultrahigh index should exist until quantum chemistry
between layers becomes appreciable and the index reduces back to the value found in bulk 3D material.

VI. CONCLUSIONS AND OUTLOOK

In summary, we have shown that the magnitudes of refractive indices observed in known optical materials likely
does not reflect a fundamental limit, and an ultrahigh index, low-loss material should be allowed by the laws of nature.
Our analysis also suggests why an answer to the problem surrounding the limits of refractive index has been elusive,
as the answer seemingly requires one to understand the nature of non-perturbative multiple light scattering over a
broad range of densities that spans across the quantum optics and quantum chemistry limits. Our work will hopefully
stimulate new efforts to identify, design, and fabricate ultrahigh index materials.

While our current analysis focused on a specific model in which the limits to index arise due to electronic density-
density correlations and dynamics of excited electrons, it would be interesting in future work to examine other general
material models. For example, are there paradigms in which the mechanisms discussed here can be strongly suppressed,
leading to higher indices? In order to better answer such questions, and also to aid in the search or possible design
of ultrahigh-index materials, it might also be desirable to develop more general frameworks for the calculation of
optical response in the regime of non-perturbative scattering, and which ideally might be integrated with state-of-the-
art computational quantum chemistry. One promising approach might be to generalize the electromagnetic Green’s
function based methods to many-body condensed matter settings.

Finally, while our work specifically focused on the question of linear refractive index, it more generally suggests that
there is a broad range of material densities where other important optical properties might have surprising behavior,
due to strong multiple scattering. As one example, it would be interesting to develop similar theories for the limits of
nonlinear optical response, and to address whether there exist mechanisms to enhance the nonlinear response beyond
that of known materials.
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Appendix A: Invertibility of the optical band structure

In this section, we discuss the effect of the evanescent interaction between atomic layers in the quantum optics
regime, which can make the optical band structure non-invertible. We start from the band structure of the 3D system
J(k), as described in Eq. (8) and Eq. (9). We are interested in the limit d, < A¢ and d, > d. By Taylor expanding
in the ratio | cos (k,d) / cosh (|€mn| d.) | < 1, one can simplify the evanescent contribution to the dispersion relation
to Jev(kz) = (Mo/d,) [-A(d,/d) + B(d,/d) cos(k.d.)], where we define the coefficients

A(d./d) = (%) zejz \/m;”—iw {1 ~ tanh (27r(dz Jd)v/m? + n2)} ,
(m.mZ(0.0) |
(A1
_(d. m? tanh (27(d./d)vm? + n?)
B(d:/d) = (E) 'rnZE:Z Vm2 +n? | cosh (27 (d./d)vVm? + n?)

nez
(m,n)#(0,0)

which only depend on the aspect-ratio of the lattice d./d. This allows to easily calculate the properties of the band in
an analytic fashion. The presence of a local maximum in J,, around |k, | <7 /d is responsible for the non-invertible
behavior of the band. In the limit kgd, < 1, the condition for this local maximum to exist becomes

d d [2B(d./d) 5
P —— — " T 9 - 7" Z/d A2
o LV T o \ 7. € ) (42)

which defines the regime where the band is non-invertible. This threshold is represented by the white, dashed line of
Fig. 10-a, where we illustrate the condition as a function of A\g/d and d./d. In the same figure, we perform an exact
numerical calculation of the band structure equation (8), and indicate with blue and green the regions of parameter
space where the band structure is invertible and non-invertible, respectively. We see that the approximate condition
of Eq. (A2) agrees well.

The condition above describes when Jo(k.) is so strong to radically alter the band structure, making it non-
invertible. Here, we want to quantify when the evanescent field negligibly contributes to the overall band structure.
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FIG. 10. Contribution of the evanescent fields to the band dispersion of a 3D lattice. a) Regimes where the
band is either invertible (blue region) or not (green region), as a function of the aspect ratio d./d and the longitudinal lattice
constant d./Xo. The data are calculated by fully numerically computing the dispersion relation J(k.) and explicitly looking
for local maxima at some |k.| < w/d.. The white, dashed line represents the analytic bound of Eq. (A2). b) Ratio between the
evanescent and radiative contributions to the band structure, i.e. |Jov/Jip|, calculated at k. = 7/d.. The dashed, white line
is the same invertibility boundary as before, which is equivalent to |Jev/Jin| S 1/2. The solid, white line shows the analytic
prediction for the threshold where |Jov/Jin| < 1072, In both plots the value of Jey is computed numerically from its exact
formula of Eq. (9).
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FIG. 11. Plot of the resonant susceptibility of the selectively driven atom xo = x(0,0 = w(0)) versus d/Xo (lattice constant
normalized by resonant wavelength). The blue points (green triangles) represent, in log-log scale, the value of its imaginary (real)
part, while the dashed blue and green lines show the asymptotic scalings Im xo0/T'o ~ 187(d/X0)® and Re xo/To ~ 24(d/Xo)>.
On the top y-axis, we also label the corresponding ratio of lattice constant to Bohr radius d/ao, assuming that the resonant
wavelength Ao is taken to be that of the hydrogen atom.

We thus calculate the ratio between the evanescent Jo,(k,) and the radiative Jip(k,) = sin(kod,)/[cos(k.d,) —
cos(kod,)] contributions. This quantity in principle depends on the wavevector k., so we consider the maximum
value maxy_ |Jov/Jin|. When d. < Ao, this ratio is maximized by k, = w/d, and it reads max|Joy/Jip| =
(Xo/d.)* B(d./d)/w. Comparing this with Eq. (A2), one can deduce that the band becomes non-invertible if
|Jev/Jip| 2 1/2. In Fig. 10b, we represent the value of this maximum ratio as a function of the aspect ratio d,/d
and lattice constant d. The black region represents the regime where |Jo,/Jip| > 1072, which allows us to ignore the
evanescent contribution. For our choice of the aspect ratio d,/d = 2.5, this is true as long as d/ag 2 6.

Appendix B: Susceptibility of a distinguishable atom

In this appendix, we detail how to numerically calculate the susceptibility x(r; —rp,d) = ¢;(9)/Q from the steady-
state solutions ¢;(d) of an infinite 2D array of lattice constant d, where one atom at position ry, is selectively driven
by a near-resonant Rabi frequency €, detuned by a factor 6 = wy — wy. We recall that the atomic wave function
is given by [¢ap(t)) = ca()|G) + 3, cjb;jbsj|G>, and the other atoms r; # rj, can still be excited via dipole-dipole
interactions with the driven atom, via Eq. (1).

We numerically simulate a finite 2D square array of lateral size 2! and lattice constant d. For simplicity, the
selectively driven atom is placed at the center r;, = 0. To mimic the infinite size of the array, we introduce an
additional non-Hermitian term to the Hamiltonian, Hy, = —(i/2) >, Fgutioﬁ(rj)b;r)jbpj. This term adds an extra

non-radiative decay to the excited p-orbitals, which has a smooth position dependence I, , (R = , /z? + yJQ), and

its purpose is to smoothly dissipate energy that propagates outward along the array towards the boundaries in order
to suppress multiple reflections at the boundaries. Specifically, we define

0 it R < Rcut—off

I’ R) = B1
cut—off( ) R— Rcut—off ( )

2 .
R ff/2 ) if R> Rcut—off
cut-o

31°(0) (

On top of that, we fix R <[ = (3/2)Reut-onr- This way, I'. . 5(Reut—or) = 0and I', , (1) = 3T'(0) at the boundaries
R = 1. The fact that the dissipation is zero around the position of the driven atom r;, = 0, and smoothly growing
for increasing R, makes the numerically calculated susceptibility essentially independent of the details of the added

decay.
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FIG. 12. Behavior of the hopping dynamics due to H;, depicted as a Bethe lattice. Evolution of the initial excited
p-orbital |0), to states |n®®"). Here, the non-negative integer n denotes the number of hops, while a, b, ... € {U, D, L, R} denotes
the direction (up, down, left, right) of each hop.

Due to the finite size of the system, we are effectively computing the optical response by discretely sampling Bloch
wavevectors, rather than accounting for the full continuum. The smallest wavevector that we are implicitly considering
can be roughly estimated by |kfyi“\ ~ 7/ Reut—ofr. We thus impose in our numerics that Reut—off > Ao/2, aiming to
well capture at least those modes outside the light cone |k, | = ko. For lattice constants as small as d ~ Ay/400, this
condition implies atomic numbers as large as N =~ 4 x 10°, which represents the maximal size that we can simulate.
For larger lattice constants d 2 \g/150, however, our numerics can tolerate larger systems, and in that case we impose
N >4 x 10%, to reduce the extent of our numerical approximations.

Our results are exemplified in Fig. 11, where we numerically calculate the resonant susceptibility of the selectively
driven atom xo = x(0,0 = w(0)), as a function of lattice constant d. Specifically, the blue points and the green
triangles show the imaginary and real part of yo, along with their asymptotic values Im xo/To ~ 187(d/\o)? (dashed
blue line) and Re xo/Tg ~ 24(d/Xo)? (dashed blue line), which confirm the scaling xo ~ Lo(d/A\g)? for small d.

Appendix C: Hopping on a Bethe lattice

In this section, we derive the contribution to the self-energy () ~ —4it.qg of the excited state |Ex,,—o), which
arises from the dynamics of the p-orbital hopping H;. As can be seen from Egs. (47) and (48) in the main text,
the states involved in up to n = 2 hops are orthogonal due to their different spin backgrounds, and can be labeled
according to the original position (when n = 0) r; of the p-orbital, the four possible moves §; = +dx, £dy to a nearest
neighbor at n = 1, and the three possible moves (besides returning to r;) d2 # 41 at n = 2. As the dynamics under H;
is the same for each r; up to translation, in what follows we will forget about this label and simply denote the initial
position as |0). For visualization, as in Fig. 12, we will also switch to the labels U, D, L, R (up, down, left, right) for
the possible values of ;. Fig. 12 thus shows how H; has matrix elements (green arrows) between the initial state |0)
and the superposition state [1) = (1/2)(|11Y) + [1P) + [1F) 4 [17)) following n = 1 hops, and how |1) is connected in
turn by H; to the various configurations |2%°) (with a,b € {U, D, L, R}) comprising the state |2). The corresponding
matrix elements are (1|H;|0) = —2tog and (2| Hy|1) = —/3teg.

While this description up to n = 2 is exact, a standard approximation for larger n is to assume that the nature of the
hopping from |1) to |2) generalizes to any |n) to [n+1) [38, 39]. In particular, one assumes that H; connects a particular
configuration [n%--) to three possible new configurations |(n + 1)2*), and furthermore that all possible generated
states have orthogonal spin backgrounds, i.e. the configurations satisfy the orthogonality condition (m“b"'|nalb/"'> =
dm.nda.a'0p 1/ 0.... This makes the problem equivalent to hopping on a so-called Bethe lattice [40].
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Within this approximation, the Hamiltonian H; takes the form

Hy & Hpotne = —2tert [1) (0] = V3teg Y In+1) (n| + h.c., (C1)

n>0

where we define the normalized states |n) = >, [n®) /(2v/37~1), which are an equal superposition of all possible
configurations at a given n. The eigenenergies and eigenstates of Hgetne can be written in the form

E(0) = —2/3teg cos(h),

o0 C2)
2 (V3 . (
9O = /2 | L sin)[0) + 3 sin(nb + ) n) |,
n=1
where tan(y) = 2tan(f). The density of states can be also calculated, obtaining the value [38, 40]
2 /24— (E/ter)? 3 ., .df
E) = =_—— —. C3
ME) = e 6~ (B Jtun)? 5 S ) gE (€3)

Starting from the quasi-bound state |0) initially, the decay rate I'petne Out of this state into the continuum of the
band can be estimated by Fermi’s golden rule:

17t 2v/3tosr ) 24 T , )
— dE p(E) [(¢(E)|Hpethe [0)]” = — / df sin®(~)sin?(0 + )
0

864 /1d Vud(1 —u) .
= — u — =
™ Jo

(1 + 3u)?

FBethe o
teﬁ teﬁ —2v/3t st

This allows us to define the contribution to the self-energy of the state |Ex, —o) as X¢(0) = —4diteg.

Ty

Appendix D: Fresnel equations of classical optics

In the main text, we calculated the refractive index (51) for a 3D lattice via a Bloch band structure calculation (with
the phenomenological loss term I = 0 set to zero for this discussion). In this appendix, we prove that this definition
of index correctly reproduces various predictive properties of optical response, within classical macroscopic electro-
dynamics. In particular, we on one hand will calculate by microscopic approaches the reflection and transmission
through a finite-length 3D system, and on the other hand see that this agrees with the standard Fresnel equations for
a dielectric slab.

First, we recall that from the standpoint of classical macroscopic electrodynamics, given a dielectric slab of length
L and (complex) refractive index n(d), the Fresnel equations predict

4netnkol rre(n) = (n?—1) (62“"“@ — 1)
(1 +n)2 — e2inkoL(pn — 1)2’ Fr (1+n)2 — e2inkoL(n — 1)2°

tyy(n) = (D1)
We now consider a 3D crystal composed of a number M of 2D atomic arrays, separated by the distance d, and illumi-
nated at normal incidence. In the regime where the evanescent field can be neglected, each 2D array is characterized
by the reflection and transmission coefficients r(8) = iI'(0)/[—2d 4+ 2w(0) + 2Xqc(d) — I'(0)] and t(6) = 1+ r(5). To
our analysis, it is convenient to write r(0) and ¢(d) as functions of the index n(d) = k,(§)/ko. This is accomplished by
using Eq. 51 to replace the dependence on § with that on n, thus obtaining the functions r(n) and ¢(n). The multiple
scattering problem through multiple layers reduces to a 1D problem that can be efficiently and exactly solved by the
transfer-matrix formalism [53], yielding

etkod=¢(p) rag(n) = e?Fodzp(n)ups(n)
upr(n) — etkod=t(n)upr_q(n)’ M upsr(n) — etbodzt(n)upr_q(n)’

ty(n) = (D2)
where we define the function uys(n) = sin(Mnkod,)/sin(nkod,). Starting from Eq. D2, we define the total length L
and replace the number of layers with M — L/d,. Eventually, we can expand the resulting expressions as a Taylor
series in kod, < 1, with the supplementary assumption that [n(6)kod.| < 1, but also keeping in mind that koL can be
arbitrarily large. By performing such Taylor expansion, one recovers the Fresnel predictions of Eq. D1, at the zeroth
order in kod, < 1.
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Appendix E: Minimum losses and maximal real index

In this appendix, we prove the scaling of the minimum imaginary part of the index, given a target real part
(optimizing over § and d), as a function of I”. Starting from Eq. (51), one can derive the equation

< ¥ cos(kod,,)
sin(kod,nye) sinh(kod,nim)

= 7' cot(kod,nye) coth(kod,nim), (E1)

where 0 = [§ —w(0) —Re 2qc(6)]/T(0) and 4’ = [I’ — 2Im Eqc(8)]/T(0). We are interested in the regime of low losses
kod.nim < 1, in which we can solve Eq. (E1), obtaining nim ~ 7'[cos(kod.nre) — cos(kods)]/[2kod.0 sin(kod,nye)]
Looking at the numerical optimization of min n;y,, one can observe that the minimal losses are always obtained when
the lattice constant is roughly fixed at the edge of quantum chemistry, i.e. d ~ dqc ~ 15a9, which indeed minimizes
the parameter 4" in Eq. (51). Given d = dqc, the value of n, is varied by changing ¢ on a fixed curve. As we are

interested in the regime of low losses n;,, < 1 and negligible quantum chemistry, we can then approximate & with the
band structure at d = dqc (i.e. its analytic solution for a lossless system), reading

= 1 Sin(k‘odz) MNim 2
~ (L E2
0 (2) cos(nrekod,) — cos(kod.,) +0 <nrc > ’ (F2)

which proves to be a good approximation as long as ny, < ngw. Then, after expanding for kod, < 1 (which is valid
only as long as n.kod. < 1), one obtains

I’ /d kaddc 1
mr o (2 = 2nge )., B
" Fo(d><127r (n "ﬁ”re) (E3)

where we use the fact that d = dgc ~ 15ag (i.e. before quantum chemistry) to approximate 4’ ~ I''/T'(0).

Appendix F: Recovering Drude-Lorentz due to quantum chemistry

At high densities, the losses introduced by quantum chemistry strongly suppress the effects of multiple scattering,
preventing the appearance of ultra-high indices. In that regime, one expects that usual mean-field theories (such as
Drude-Lorentz) can well describe the physical phenomena. Specifically, we are interested in a system which exhibits
one single, dominant resonance wyes, and which is illuminated by near-resonant light with |wy, — wyes| < wres. In this
limit, the Drude-Lorentz model predicts the index

2 2
Y I - SO R L, (F1)
w2, —wi —iywr 2(wr, — Wres) + 4y

res

where wp and 7/ are respectively the plasma frequency and the damping rate, while f,os is the so-called oscillator
strength which depends on the choice of the resonant transition. Here, we show that the refractive index of an atomic
lattice, as predicted by Eq. (51), reduces to Eq. (F1) at high densities, due to the losses induced by quantum
chemistry. To this aim, we first re-write Eq. (51) as

n T'(0) sin(kod.)
25 — 2w(0) — 2560 (0) + i

cos(kod.n(6)) = cos(kod.) (F2)

At low lattice constants, we can expand this equation up to the second order in kyd, < 1. To do so, one needs
to fulfill the condition |kod.n(8)| < 1, which is guaranteed by the suppression of multiple scattering induced by
—2Im ¥ (6) 2 T'(0) > Ty (this also guarantees the closure of the optical bandgap). This procedure permits to directly
recover Eq. (F1), by defining wyes = wo + w(0) + Re Xqc(8), v/ = IV — 2Im Zqc(8) and freswi /wres = 21(0)/ (kod.).
To make the last expression more meaningful, we can approximate wyes = wo and evaluate the right-hand side taking
the parameters of the hydrogen atom. This gives the standard formula for the plasma frequency, wp = \/N¢2/(megV),
and fies &~ 0.21. Within the limits studied here, we note that the typically phenomenological decay rate 7/ appearing
in the Drude-Lorentz model can be quantitatively connected to specific quantum mechanical processes as encoded in
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the imaginary part of the self-energy ¥qc(0).
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